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Abstract

The Scott continuous nuclei form a subframe of the frame of all nuclei. This subframe
is referred to as the patch frame. In this short note we show that the patch of a
topology is isomorphic to a finer topology on the same set. We also give a point-set
construction of the patch topology of a sober space.
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The Scott continuous nuclei form a subframe of the frame of all nuclei. This
subframe is referred to as the patch frame. It is shown in [2] that the patch
construction gives rise to the right adjoint to the (full) inclusion of the category
of continuous maps of compact regular locales into the category of perfect maps
of stably compact locales. This implies that the patch frame of the frame of
open sets of a stably compact space is isomorphic to the patch topology. In
particular, the frame of Scott continuous nuclei on the Scott topology of a
continuous lattice is isomorphic to the Lawson topology.

In this short note we discuss the general topological manifestation of this
localic patch construction. We assume the terminology and notation of [2].

We begin by showing that locales with enough points are closed under the
patch construction. It is enough to show that if X is a locale with enough
(Scott) open filters, so is Patch X. Assume that j 6≤ k holds in OPatch X.
Then j(U) 6≤ k(U) for some U ∈ OX. Since X has enough open filters,
there is an open filter φ ⊆ OX with j(U) ∈ φ but k(U) 6∈ φ. Let Φ be the
set {l ∈ OPatch X | l(U) ∈ φ}. Then, by construction, j ∈ Φ but k 6∈ Φ. To
conclude the proof, it suffices to show that Φ is an open filter. To see that Φ is a
filter, assume that l ∈ Φ and that l ≤ l′. Then l(U) ∈ φ by definition of Φ, and
l′(U) ∈ φ because φ is a filter and l(U) ≤ l′(U). Therefore l′ ∈ Φ. Now assume
that l, l′ ∈ Φ. Then, by definition, l(U), l′(U) ∈ φ, and, because φ is a filter
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and because meets of nuclei are computed pointwise, (l∧l′)(U) ∈ φ. Therefore,
by definition of Φ, we have that l∧ l′ ∈ Φ. To see that Φ is open, assume that
L ⊆ OPatch X is a directed set with

∨L ∈ Φ. Then, because directed joins
of Scott continuous nuclei are computed pointwise,

∨{l(U) | l ∈ L} ∈ φ. Since
this set is directed and φ is open, l(U) ∈ φ for some l ∈ L. Therefore l ∈ Φ
for some l ∈ L, and the proof is concluded.

In [1, Theorem 3.1.4] it is shown that a perfectly embedded sublocale of a
spatial locale is again spatial. Therefore, the frame of nuclei on the topology
of a sober space is dually isomorphic to the collection of perfectly embedded
sober subspaces ordered by inclusion. Thus, such subspaces form the closed
sets of a topology, finer than the given topology, which we refer to as the patch
topology, as it generalizes the patch topology from stably compact spaces to
sober spaces. By [3, Proposition 3.3], the embedding of a sober subspace F of
a sober space X is a perfect map if and only if the following two conditions
hold:

(1) F ∩Q is compact for every compact saturated set Q ⊆ X,
(2) the lower set of C in X is closed in X for every relatively closed set

C ⊆ F .

Here lower sets are taken with respect to the specialization order. Thus, the
patch construction is idempotent for precisely those spaces X for which the
sober subspaces F satisfying the above two conditions coincide with the closed
sets. There are some immediate questions. Is the patch construction functorial
for perfect maps? Does the patch construction produce a coreflection in this
generality?
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