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COMPACT TOTALLY SEPARATED TYPES

MARTIN HOTZEL ESCARDO

Dedicated to Gordon Plotkin on the occasion of his 80th birthday

ABSTRACT. Perhaps surprisingly, there are infinite types that can be
exhaustively searched mechanically in finite time. We use ideas from
topology to build plenty of them, referring to searchable types as com-
pact types, and we use ordinals to measure their logical complexity. We
consider two systems of ordinal notations under which a single notation
denotes both a discrete ordinal and a compact one, with an embedding
of the former into the latter whose image has empty complement. A
boolean valued function decides which points in the image of the em-
bedding are isolated and which are topological limit points. The first
system consists of the traditional Brouwer codes and the second is an
inductive-recursive universe generalizing them. The discrete ordinals so
obtained are trichotomous, and the compact ones have the least element
property for complemented subsets, but these two desirable properties
cannot be fulfilled simultaneously in a constructive setting. The compact
ordinals obtained from Brouwer codes further enjoy a boolean Leibniz
principle, which has the notion of total separatedness as its topolog-
ical counterpart. This extends previous work from Godel’s system T
to intensional Martin-Lof type theory with univalent universes, and is
formalized in Agda in the TypeTopology repository.
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1. INTRODUCTION

We consider the following search problem for a type X. Given a function
p: X — 2 into the type with elements 0 and 1, we want to either exhibit a
point x : X with px = 0, that is, a root of p, or else determine that p has no
root. This problem amounts to the type

Myoxz ((Sexpz=0) + (MLxpz=1)).

For a finite type X this can always be done, by trying the finitely many points
in turn. The question investigated in this paper is which infinite types X
admit such a procedure. Three related subjects view this requirement in
different ways.

(1) Computer science reads it as a search problem. Can an infinite type
be exhaustively searched mechanically in finite time? Perhaps sur-
prisingly, there are plenty of infinite types that satisfy this searcha-
bility condition [14, 15, 16, 17, 37].

(2) In topology, this turns out to be a compactness problem [16, 37|. In
Johnstone’s topological topos [30], which we take as a guiding model,
the types of our theory are interpreted as spaces, functions into 2
classify the clopen subspaces, and for a closed subtype of a simple
type, the requirement above holds exactly when the corresponding
space is compact in the sense of topology [16, 37].

(3) In logic it amounts to a choice problem, because the type displayed
above asks for a root to be produced rather than asserted to exist.
Which infinite instances of choice can be proved without being taken
as axioms?

In classical mathematics, excluded middle decides whether p has a root, and
a choice principle produces one when it does. Asking every type X of a
universe U to satisfy the above is equivalent to global choice, the principle

HX:L{ (_'_‘X - X)’

which is stronger than the axiom of choice and says that we can pick an
element of every non-empty type |44, Theorem 3.2.2 and Remark 3.2.5]|.

In this paper we work constructively in an intensional Martin-Lof type
theory, rather than classically in set theory as in our previous paper [16].
As in that paper, we take inspiration from topology to develop examples
and counterexamples of such types, as well as their general theory, although
we do not assume previous familiarity with topology, except for the sake of
motivation [48, 49, 14]. Because of this and by (2) above, we refer to the
types that satisfy the searchability condition as compact.

Moreover, we adopt the univalent point of view [44], due to its direct
way of capturing various notions of extensionality, as well as the distinction
between data and property. Alternatively, in principle everything discussed
here could be redeveloped using setoids |27, 28, 42| instead, but we leave
such a reworking to interested readers.
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The natural numbers fail to be compact constructively. There are nonethe-
less many infinite compact types, as mentioned above. Perhaps the simplest
example is the type of decreasing binary sequences,

Noo = Xy 90 Hz’:N O[(l—{—l) < at,

which satisfies the universal property of the conatural numbers, and whose
topological reading is the one-point compactification of the discrete space
of natural numbers with a new point at infinity. It is compact in our type
theoretic sense, and we had already shown it to be so in a system as weak
as Godel’s T' [17].

The compactness of Ny, has found applications outside the concerns of
this paper. Normann and Tait [40] use its form in Godel’s T to fill a gap in
an unpublished but widely circulated manuscript of Tait from 1958 on the
computability of the fan functional. Pradic and Brown [43] use it to prove
that the Cantor—Bernstein theorem implies excluded middle.

Compactness as defined above in type theory is uninformative for a type
with too few functions into the type 2 of booleans. The real numbers are a
standard example, where it is consistent that all functions into the booleans
are constant, rendering the search problem trivial. We say that a type X
is totally separated when the functions into 2 separate the points, in the
positive sense that

Hz,y:X (Hp:XH2px :py) — T =Y.

This is a boolean Leibniz principle, whose classical topological reading is that
the clopens separate the points. Our type theoretic notion of compactness is
faithful to the topological notion with the same name only for types that are
totally separated. We may envision obtaining a general type theoretic no-
tion of compactness by changing the booleans to a Sierpinski-like type using
dominances [23| and changing the searchability condition slightly (cf. [16]),
but this is not investigated in the present work.

Totally separated types are sets in the sense of HoTT/UF, and they are
closed under II, +, x and retracts, and include the discrete types and hence
the simple types, but they fail to be closed under 3 constructively in general,
and we investigate particular cases of totally separated X types of interest.

All compact types we are able to construct turn out to come equipped
with well-orders. Moreover, the constructions that preserve compactness
discussed in the body of the paper also preserve well-orderability. We adopt
the HoTT Book [44] definition of ordinal, namely a type equipped with a
proposition valued order that is transitive, extensional and well-founded.
(The HoTT Book also requires the underlying type to be a set, but we
observe that this follows automatically from the extensionality condition.)

Trichotomy, namely the principle that * < y or x = y or z > y for all
elements x and y of an ordinal, is equivalent to the principle of excluded mid-
dle when required for all ordinals, but there are many trichotomous ordinals
without assuming excluded middle. Any trichotomous ordinal is discrete
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(has decidable equality), but e.g. in the topological topos, discrete compact
objects are necessarily finite, so that asking for trichotomy together with
compactness gives only finite examples.

Another important classical property of ordinals is that every non-empty
subset has a least element, which is known to fail in general in a construc-
tive setting. But we do obtain the least element property constructively for a
large class of compact totally separated ordinals, replacing subset by comple-
mented subset (classically, every subset is complemented, and, topologically,
complemented subsets correspond to clopen subsets).

Although the above phenomena exhibit a dichotomy between trichotomy
and compactness, the two notions are related. In fact, a further phenomenon
becomes visible in a constructive setting. Two ordinals that are seen to be
the same classically can behave in vastly different ways constructively. An
example is the classical ordinal w + 1, which has two manifestations (among
others). In one, we equip the type N 4+ 1 with its natural order, which
gives rise to a trichotomous ordinal. In the other, we equip Ny, again with
its natural order, which gives rise to a compact totally separated ordinal
with the least element property for complemented subsets, which fails to
be trichotomous constructively. In the presence of the principle of excluded
middle, these two ordinals are the same (and LPO suffices). But, by the
above discussion, in the topological topos, these two ordinals are patently
different, one being discrete and the other compact totally separated (i.e. a
Stone space [31]), and so are they in Hyland’s effective topos. We have the
natural inclusion

N+1 < Ng
inln +— 1™0%
intx +— 1%,
which is an injection whose image has empty complement, but it is a bijection
if and only if LPO holds. That every decreasing binary sequence is of one of
the forms 1"0% and 1% fails constructively, being equivalent to LPO, while
that there is no decreasing binary sequence other than these always holds.

We generalize the above situation by working with ordinal codes and in-
terpreting them in two ways, so that one interpretation gives trichotomous
ordinals and a second one gives compact totally separated ordinals with the
least element property for complemented subsets. We always have an em-
bedding of the first interpretation into the second, whose image has empty
complement. We also discuss the standard interpretation, which fails to pro-
duce either trichotomous or compact totally separated ordinals, along with
two further ones that arise naturally, one of which also fails to be totally
separated.

We consider two kinds of ordinal codes to obtain the above results. The
first ones are Brouwer codes, inductively defined by constructors for zero,
successor and countable limits. The second ones are defined together with
their interpretations, by induction-recursion in the sense of [11, 12, 13], so
that a limit constructor is indexed by any previously constructed ordinal,



COMPACT TOTALLY SEPARATED TYPES 5

rather than just w, at the cost of total separatedness of the compact inter-
pretation, which is no longer guaranteed. A crucial ingredient of the compact
totally separated interpretation is a certain squashed sum, first defined in [17,
Section 10| and generalized here as an eztended sum for our purposes, with
the aid of the theory of injective types [20, 10].

We would like to emphasize an important methodological difference with
our previous work [15, 16|. There we worked classically using set theory, with
externally defined models to establish our results. Here, instead, we work
constructively, reasoning internally in our type theory, where the beginning of
this transition took place in [17], informally within constructive mathematics
without specifying any particular formal foundation.

Finally, although the fact that computable or constructively definable
functions are continuous [37, 50| plays a crucial role in the link of topol-
ogy with computer science and constructive mathematics, here, as in [17],
we do not assume Brouwerian continuity principles [50, 1]. In particular,
we make no continuity assumption for the map p : X — 2 in the definition
of compactness of the type X, as opposed to our previous work [15, 16], so
that our results hold in all topos models of (univalent) type theory [47] and
are consistent with classical principles, including excluded middle and choice
(but not with global choice, due to our use of univalence).

This is a full version of the four-page abstract [19], with further results,
and builds on [17]. All mathematics reported here has been formalized in
Agda [38], in TypeTopology [22], and a companion Agda file [21] lists each
numbered item of this paper together with what establishes it.

Organization. Section 2 describes our type theory and introduces nota-
tion and terminology. Section 3 defines and discusses discrete and totally
separated types, covering their closure properties, isolated points and the
totally separated reflection. Section 4 does the same for compact types, and
discusses the interplay of the three notions, a certain micro-Tychonoff the-
orem, and the extension of a family of compact types along an embedding.
Section 5 fixes our conventions for ordinals and their arithmetic, and con-
structs extended sums and suprema. Section 6 discusses five interpretations
of Brouwer codes as ordinals satisfying various combinations of compactness,
discreteness, total separation and trichotomy. Section 7 generalizes Brouwer
codes to an inductive-recursive universe in which the branching of a sum
may be indexed by any previously constructed discrete ordinal, rather than
just w, with two interpretations, one trichotomous and the other compact,
and gives a decision procedure for telling whether a point in the image of
the embedding of the former into the latter is isolated or a topological limit
point. Section 8 summarizes the results, discusses the reach of these systems
and describes the formalization.
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2. PRELIMINARIES

We work constructively and we adopt the foundation described in the
HoTT Book [44]. In this section, which can be consulted on demand, we fix
terminology and notation, prove some auxiliary facts, and state basic notions
from constructive mathematics, such as omniscience taboos.

2.1. Our type theory. We work in intensional Martin-Lof type theory
with an empty type 0, a one-element type 1 with point %, a two-element
type 2 with points 0,1, a type N of natural numbers, the type formers +
(binary sum or coproduct), IT (product), 3 (sum or disjoint union), W types,
identity types denoted by the equality sign =, and a hierarchy of universes
U, V, W, ... closed under them, with Uy the first and U, the next. Binary
products, written X x Y, arise both as general products with index type 2
and as sums of constant families, and we choose the latter incarnation by
default. We often write a function type X — Y in the exponential form Y X,
as in the Cantor type 2.

For a family A : X — U and an identification p : x = y, we define
transportd p : Az — Ay by induction on p, taking it to be the identity of
A x when p is refl, with the family A omitted when it is understood from the
context. We say that a point a : Az is transported along p: x = y to get a
point of the type Avy.

Definition 2.1 (Emptiness, negation and decidability). We define
X is empty := (X — 0).

When we think of the type X as a mathematical statement, the emptiness
of X amounts to its negation and is written —X. We say that a type X is
decidable if we can decide whether it is pointed or empty:

X is decidable := X 4+ —X.

We remark that sometimes in the literature the terminology “ X is decidable”
is used to mean that X has decidable equality instead. Here we say that X
is discrete to mean that it has decidable equality (Section 3).

Definition 2.2 (Logical equivalence). Two types X and Y are logically
equivalent if each maps into the other:

X and Y are logically equivalent := (X - Y) x (Y — X).

When the types X and Y are mathematical statements, we often just say
“equivalent” rather than “logically equivalent”, leaving the context to resolve
the ambiguity with the notion of type equivalence (Definition 2.8).

2.2. Univalent foundations. To this type theory we add the univalence
axiom [44, 52| and set quotients. Univalence gives function extensionality
and propositional extensionality, and set quotients give propositional trun-
cations and set replacement. Function extensionality says that pointwise
equal functions are equal, where we write f ~ g for the pointwise equality
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[L.x fz =gz of functions f,g: [],.x Az. The Agda development behind
this paper [21] records where each of the above assumptions is used, taking
them as explicit hypotheses wherever they are needed. Full univalence in
this paper is assumed from Section 5 onwards, although not all results need
it, the earlier sections using only its extensionality consequences.

A proposition, or subsingleton, is a type with at most one element. We
write || X|| for the propositional truncation of a type X, and 3 and V for the
truncations of ¥ and +. A type is pointed when it is equipped with a point,
inhabited when its truncation is pointed, and non-empty when its empti-
ness is contradictory, that is, when ==X holds, whereas in the constructive
mathematics literature [3] “non-empty” is often used for inhabitation. We
also read truncation in words, saying that something holds in an unspecified
way, or a similar mode of expression, when what is asserted is the truncation
of the type of data establishing it. For example a type is compact in an un-
specified way when the type of its compactness data is inhabited. When the
disjuncts of a sum are mutually exclusive propositions, the sum is already
a proposition, so the truncation makes no difference and we write “or” for
either, as e.g. in the trichotomy of Definition 5.6.

Definition 2.3 (Singletons). A type X is a singleton or contractible if it
has a point ¢ : X, its center of contraction, to which every point is equal:

X is a singleton = Y.x [[,.x ¢ = .
For a family A : X — V), there is a unique x : X with Az when the sum of
A is a singleton:
dax: X, Ax := the type X,.x Ax is a singleton.
A singleton is a proposition, a pointed proposition is a singleton, and being
a singleton is a property.

Definition 2.4 (Homotopy isolated points and sets). A point = : X is
homotopy isolated if the identity type x = y is a proposition for every 4 : X:
z is homotopy isolated := Hy:X (x =y is a proposition).

A type is a set if all of its points are homotopy isolated.

Call a function weakly constant if any two of its values are equal.

Theorem 2.5 (Hedberg [26]). If the identity type x = y admits a weakly
constant endofunction for every y : X, then x is homotopy isolated. Hence
if this holds at every x : X, then X is a set.

Proof. For each y : X write f, for the given weakly constant endofunction
of x =y, and let ¢ : x = x be f,refl. We first show that every p: x = y
is the composite of ¢! followed by fy p, by induction on p, whose endpoint
y varies with it: for p = refl this is ¢~! followed by ¢, which is refl. Given
p,q : =y, both are then composites of ¢! with values of fy, and those two
values are equal by weak constancy, so p = ¢. Thus x = y is a proposition
for every y : X, that is, x is homotopy isolated. O
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This formulation of the theorem is due to Kraus, Escard6, Coquand and
Altenkirch [34, 35].

Definition 2.6 (The type of propositions). We write (%, for the type of
propositions in a universe U:

D = Ypy (P is a proposition),

whose two canonical elements are | := 0 and T := 1. Propositional ex-
tensionality makes two elements of €}, equal exactly when they are logically
equivalent, and (Y, is a set. We omit the universe subscript when it is un-
derstood from the context.

Definition 2.7 (Base and fiber). For a family Y : X — V we call X the base
or index type of the sum XY, that is, X,.x Y x, and Y x the fiber over x : X.
The fiber of a map f: X — Y over a point y : Y is the type of points that
f sends to y:

fﬁl(y) = Yax fCC =Y.
The two usages agree up to type equivalence, the fiber of the first projection
Ye.x Y x — X over z being equivalent to Y x.

Definition 2.8 (Type equivalences). A map f: X — Y is an equivalence if
its fibers are all singletons:

[ is an equivalence := [], (f~'(y) is a singleton).

With the above terminology, this says that for every y : Y there is a unique
x: X with fo =y. We write X ~ Y for the type of equivalences from X
to Y:

X ~Y = Epxoy (f is an equivalence).

Definition 2.9 (Surjections and induction along them). A map f: X — Y
is a surjection if its fibers are all inhabited:

f+X =Y is asurjection := [[, It

This amounts to saying that Hy:Y Je.x fx = y. A surjection supports
surjection induction: in order to prove a proposition valued P : ' Y — V at
every y : Y, it is enough to prove P (f x) at every = : X. Conversely, a map
supporting this principle is a surjection.

Definition 2.10 (Embeddings). A map j : X — Y is an embedding, written
j: X <= Y if its fibers are all propositions:

j:X =Y is an embedding := [], (77 1(y) is a proposition).

An embedding is left cancellable, in the sense that jz = jz’ implies
x = z’, and conversely a left-cancellable map into a set is an embedding, so
that the two notions agree for maps between sets.

We remark that embeddings in this sense are homotopical embeddings
rather than topological embeddings. For example, the type of rationals is
embedded into the type of Dedekind reals, but not topologically. In the
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topological topos the rationals get interpreted as a discrete space, and the
Dedekind reals as the real line with its usual topology, and the discrete
rationals are not a subspace of the real line. Moreover, the Dedekind reals
are not the homotopy type of the reals, which would be a singleton, but
rather a set in the above sense.

Definition 2.11 (Complemented families). A family A : X — V is com-
plemented if Ax is decidable for every x : X. A complemented family of
propositions on X amounts to a function X — 2, its characteristic function.

Definition 2.12 (Subsets). A subset of a type X is a map from X to the
type of propositions of Definition 2.6:

S: X = Qu.

Equivalently, a subset is a proposition valued map X — U. We write = € S,
and say that x is a member of S, when the proposition Sz holds.

A proposition valued family A : X — V is equivalently an embedding
Y — X, the family given by its fibers, and when the family is complemented
the embedding is classified by a map X — 2, as illustrated by the following
pullback diagram:

Y —1

complemented\{ Jl

X — 2.
In models such as Johnstone’s topological topos, complemented subsets get
interpreted as clopens.

Definition 2.13 (Image). A point y : Y is in the image of amap f: X — Y
when some z : X is sent to y in an unspecified way, and the image of f is
the type of the points of Y that are in it:

y € image f = [|f 1 (»)], image f := X,y (y € image f).

The image of a subset S of X along f is the subset of ¥ whose members are
the points that some member of S is sent to in an unspecified way:

y €image fS = Tux (€S x (fz=y)).

The corestriction of f is the map X — image f that sends x to f z together
with a witness that it is in the image, and it is a surjection.

Definition 2.14 (Small and locally small types). A type X is U-small if
it is equivalent to a type in the universe U, and it is locally U-small if the
identity type x = y is U-small for every z,y : X.

Being small is a proposition if and only if univalence holds.

Definition 2.15 (Set replacement). Set replacement is the principle that,
foramap f: X — Y, if X isUf-small and Y is a locally V-small set, then the
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image of f (Definition 2.13) is small in the least universe containing both U
and V.

This is the particular case for sets of a more general replacement principle
first identified and studied by Rijke [45, 46].

Definition 2.16 (Set quotients). Set quotients exist when, for every type
X : U and every V-valued equivalence relation ~ on X, there is a set X/ =,
the set quotient of X by =, with a map n: X — X/ ~ that identifies related
points and is universal: every map f : X — Y into a set Y that identifies
related points factors as f = f on for a unique f: X/~ — Y.

Set replacement is equivalent to the existence of set quotients.

2.3. Constructive mathematics. Although the general principle of dou-
ble negation elimination is equivalent to excluded middle, it does hold con-
structively in many particular examples of interest.

Definition 2.17 (——-separatedness). A type X is ——-separated if identifi-
cations in it are ——-stable:

X is m—-separated = [, v —(z=y) =z =y.

A type with decidable equality is ——-separated, because decidable types are
——-stable.

Lemma 2.18. Fvery ——-separated type is a set.

Proof. Compose the natural map x = y — == (2 = y) with the given - —(x =
y) — x = y, obtaining an endofunction of x = y. It is weakly constant,
because == (x = y) is a negation and hence a proposition, so that any two
intermediate values are equal. The result then follows by Theorem 2.5. [J

Definition 2.19 (Apartness and tightness). An apartness on a type X is a
proposition valued relation f which is

(1) drreflexive: —(x § =),

(2) symmetric: x §y — y § x, and

(3) cotransitive: z iy — (x4 2)V (y & 2).
It is tight if =(z § y) implies = =y, for all z,y : X.

An apartness is the positive counterpart of the negation of equality, in
that « f y asserts a difference where —(x = y) only denies equality [4].
Irreflexivity makes an apartness imply negation of equality, and hence makes
equality imply the negation of apartness. Tightness asks for the converse of
the latter. It follows that a type carrying a tight apartness is ——-separated,
and hence a set by Lemma 2.18.

Definition 2.20 (Extreme density). For a map f : X — Y the following
are equivalent.

(1) The complement of the image of f is empty:
—Yy.y — (y € image f).
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(2) No point of Y lies outside the image of f:
_‘Ey:Y _‘Zax:X fx =Y.
A map satisfying either, and hence both, of these conditions is called ez-

tremely dense, and extreme density is a proposition. An alternative termi-
nology, not adopted here, is ~—-density.

Proof. For any type A the negations —||A|| and —A are logically equivalent,
so the truncation in y € image f can be dropped under the inner negation.
Extreme density is a proposition, being a negation. U

In the presence of the principle of excluded middle, a map is extremely
dense if and only if it is a surjection. Extreme density is stronger than
density in the topological sense. The rationals are dense in the reals in the
usual sense, but the inclusion of the rationals into the Dedekind reals is not
extremely dense, since irrational numbers lie outside its image.

Lemma 2.21. An extremely dense map is right-cancellable with respect to
maps into a family of ~—-separated types: if j : X — Y is extremely dense,
if Z Y — U has Zy ——-separated for every y : Y, and if f,qg : Hy:YZy
satisfy f (jx) = g(jx) for every x : X, then f = g.

In particular, taking Z constant, two maps Y — Z into a ——-separated
type that agree after composition with j are equal.

Proof. For y : Y it is enough to prove =—(fy = gy), -—-separatedness of
Zy supplying fy = gy and function extensionality supplying f = g. If
fy # gy then no = : X satisfies j x = y, since an identification p: jx =y
transports the hypothesis f (jx) = g(jz) to fy = gy, so y lies outside the
image of j, contradicting extreme density. [l

Lemma 2.22. The embedding 2 — Yy that sends 0 to L and 1 to T is
extremely dense.

Proof. The map is an embedding because its fiber over P is =P+ P, a sum of
two propositions that exclude each other. Let P : ), lie outside the image,
so that P # | and P # T, these being the two values of the map. Logically
equivalent propositions are equal, so =P would give P = 1, and P would
give P = T. Hence =——P and —P, which is a contradiction. So no point of
Qs lies outside the image. ([

The fiber of this map over P is the decidability of P, so its extreme density
says that no proposition can fail to be decidable, whereas excluded middle
would say that every proposition is decidable.

Definition 2.23 (Global choice). Global choice for a universe U is the prin-
ciple that every type in U is decidable, so that given any type X : U we can
either produce a point of X or establish that X is empty, that is,

HX:Z/{ (X + ﬁ)()
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Equivalently, global choice says that we can choose a point of every non-
empty type in U,

[Ixy (=X = X),

since a decidable type is ——-stable and, conversely, the type X + —X is
non-empty for every X. It is a classical principle, stronger than the axiom
of choice, and we do not assume it, but it arises as a so-called constructive
taboo in the conclusion of some statements.

Definition 2.24 (Excluded middle). Excluded middle for a universe U says
that every proposition in U is decidable:

[1p4 (P is a proposition — P + —P).

The following taboos also arise in some of the mathematical questions
considered in this paper.

Definition 2.25 (Bishop’s principles of omniscience [2]). Bishop’s LPO
(limited principle of omniscience) decides whether a binary sequence takes
the value 0 somewhere, and WLPO (weak limited principle of omniscience)
decides whether it has value 1 everywhere:

LPO := Hp:ZN (the type Yp.npn =0 is decidable),
WLPO := szzN (the type [[,,y pn=11s decidable).

Equivalently, the principle LPO says that the finiteness of every conatural
number is decidable, and WLPO says that it is decidable whether a conatural
number is the point at infinity (Example 3.1). We use whichever formulation
is convenient. In the vocabulary of this paper, ¥-compactness of N is LPO
and II-compactness of N is WLPO (Examples 4.5).

Excluded middle gives LPO, which gives WLPO. The converse of the lat-
ter follows from Markov’s principle (namely that if a complemented family
over N has non-empty sum then its sum is pointed). All of these are indepen-
dent of our type theory, Markov’s principle by [8]. Excluded middle, LPO
and WLPO hold under classical logic and fail in models where all functions
are continuous or computable, such as Johnstone’s topological topos [30] or
Hyland’s effective topos [29] respectively. We neither assume nor deny them.
When we say that something fails constructively, we mean that it implies a
taboo. Saying instead that it is false would be an implication into the empty
type, which is a stronger statement. The same applies to the doubly negated
forms, such as =—WLPO, which are weaker but still independent. Global
choice (Definition 2.23) is stronger than all of them, since it decides every
type.

We do not assume any Brouwerian continuity principle. Assuming conti-
nuity would settle the above taboos negatively, since it refutes WLPO and
hence LPO, whereas we keep them undecided in order to stay compatible
with classical mathematics, so that our results hold in every model of our
foundation, in particular co-toposes [47], the boolean ones included.
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Remark 2.26 (Weak topological toposes). The statement “WLPO is in-
dependent of our type theory and can be seen as a weak continuity princi-
ple [18]. We have that WLPO is equivalent to the existence of a function
No — N that is not continuous, and =WLPO to every function N, — N
being ——-continuous, the double negation being removable under Markov’s
principle (which we are not assuming). We think of toposes in which ~-WLPO
holds as weak topological toposes.

This remark is the inspiration behind Definition 7.14.

2.4. Retracts and maps of sums.

Definition 2.27 (Retracts). A type Y is a retract of a type X if there are
specified maps r : X — Y and s : Y — X with r o s the identity. We call r
a retraction and s a section.

Definition 2.28 (Maps of sums). Let A : X — U and B : Y — U be
families of types, let f: X — Y be a map, and let gz : Az — B(fx) be a
map for every x : X. The map of the sums induced by f and g applies f to
the index and ¢ to the fiber component:

5(f9): XA 3B, X(f.9) (x,0) = (fz, gza)
Lemma 2.29. The map X(f,g) is

(1) an equivalence if f is one and every gz 1is,

(2) an embedding if f is one and every g x is,

(3) extremely dense if f is and every g x is,

(4) a retraction if f is the identity and every gz is.

Proof. The fiber of ¥(f,g) over a point (y,b) of B is the sum, over the
points (z,p) of the fiber of f over y, of the fiber of gz over the point of
B (f x) obtained from b by transport along p backwards. If the fibers of
f and of every gx are singletons, then so are these, a sum of singleton
types over a singleton type being a singleton, which gives (1). If they are
propositions, then so are these, a sum of propositions over a proposition
being a proposition, which gives (2).

For (3), let (y, b) be a point of ¥B and assume that no point of £ A is sent
to it. Since we are deriving a contradiction, we may drop double negations,
so extreme density of f supplies z : X with p : fo = y. Transporting
b along p backwards gives a point of B (fx), and extreme density of gx
supplies a : Az mapped to it, so that X(f,g) (z,a) = (y,b), which is the
required contradiction.

For (4), let sz be a section of gz for every x. Then X(id, s) is a section
of X(id, g), the two composing to X(id, g o s), which is the identity. O

3. TOTALLY SEPARATED TYPES

This section studies the notions of discrete type, isolated point, and totally
separated type. Compactness, which interacts with all of them, is discussed
in Section 4.
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The following type, already mentioned in Section 1, plays a major role in
this paper and also illustrates many concepts.

Example 3.1. The type Ny, of conaturals, equivalently the final coalgebra
of X — 1+ X, is the type of decreasing binary sequences,

Noo = Xg.9v [[iy @ (i+1) < ai.

Being decreasing is a proposition, so the first projection embeds N4, into the
Cantor type 2V, and we write u; for the i-th digit of u : Noo. This embedding
is a section of the map 8 — (z — min{S0,... ,ﬁi}) that forces a binary
sequence to be decreasing and leaves the decreasing sequences unchanged,
so Ny is a retract of the Cantor type. Write ¢ : N — N, for the inclusion
and k = ¢k for its value at k, the sequence of k ones followed by zeros,

k = (z —1ifi <k, and 0 otherwise),
so that 0 is constantly 0 and k+1 prefixes a 1 to k. We let 0o : Ny, be the
constantly 1 sequence. For n : N and u : N, we write n C w to say that
the n-th digit of w is 1, and u £ n to say that it is 0, so that the two are

negations of each other. We say that u is finite when u = k for some k,
equivalently when u C 4 for some q.

3.1. Discrete types and isolated points.

Definition 3.2 (Isolatedness and discreteness). A point x : X is isolated if
we can decide, for every y : X, whether z and y are equal:

z is isolated := [], v (z = y is decidable).

A type X is discrete if every point of X is isolated, which amounts to saying
that X has decidable equality.

Examples 3.3.

1) The types 0, 1 and 2 are discrete, and so is every proposition.

2) The type of natural numbers is discrete.

3) The type Ny is discrete if and only if WLPO holds.

4) The finite points n of Ny, are isolated.

5) The point co of Ny is isolated if and only if WLPO holds.

6) The map N+ 1 — N, sending inln to n and the added point to oo
is an extremely dense embedding (Definition 2.20).

(
(
(
(
(
(

Proof. Every proposition is discrete, since any two of its points are equal.
The types 0 and 1 are propositions, and 2 is discrete, its two points being
distinct.

The natural numbers are discrete, with equality decided by induction.

A finite point n is isolated, because u = n holds exactly when u; = 1 for
1 < n and u, = 0, which is decided by inspecting finitely many digits.

If Ny is discrete then in particular oo is isolated, and if oo is isolated
then WLPO holds, because a binary sequence p gives the conatural number
u with digits u; = min{p0,...,pi} (Example 3.1), and u = oo exactly
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when p is constantly 1. Conversely, WLPO makes N, discrete, because
being decreasing is a proposition, so that two points are equal exactly when
their digits agree, which is to say that the sequence i — (u; equals v;) is
constantly 1.

The map N+ 1 — N, is an embedding, since its restrictions to N and to
1 are embeddings with disjoint images, co not being finite. The restriction
to N is the embedding (—), and the restriction to 1 is the constant map at
00, which is an embedding because Ny is a set. The map is extremely dense,
because a point of Ny, outside its image would be neither finite nor equal to
o0, which is impossible. O

Lemma 3.4.

(1) Ewery discrete type is a set.
(2) Ewvery isolated point is homotopy isolated (Definition 2.4).
(3) Being isolated and being discrete are propositions.

Proof. From decidability of x = y we get an endofunction of x = y that re-
turns a fixed identification in the positive case and is vacuous in the negative
one, hence is weakly constant, so Hedberg’s Theorem 2.5 applies, at a single
point for (2) and at every point for (1).

For the last item, being isolated at x is a II-type of decidability statements
about identity types, and to show that it is a proposition we may assume a
witness, since a type is a proposition as soon as it is one under the assumption
of a point. That assumption makes each type x = y a proposition, by (2), so
each decidability statement is a binary sum of two propositions that exclude
each other, hence a proposition, and so is the II-type. Being discrete is then
a Il-type of propositions. O

Remark 3.5. Classically, isolatedness and homotopy isolatedness (Defini-
tion 2.4) coincide. One direction is constructive, every isolated point being
homotopy isolated (Lemma 3.4(2)), and for the other, excluded middle makes
the proposition © = y decidable. Their coincidence fails constructively, be-
cause Ny, is a set, so that every point of it is homotopy isolated, whereas oo
is isolated if and only if WLPO holds (Examples 3.3(5)).

Proposition 3.6.

(1) Isolatedness is preserved by inl and inr, and hence discreteness is
closed under binary sums.

(2) Discreteness is closed under retracts.

(3) A subtype of a discrete type is discrete, and, more generally, at a
discrete index type the X-types of discrete types are discrete, so that
i particular binary products are.

(4) At any index type X, ifx : X andy : Y x are isolated then so is (x,y),
and conversely, isolatedness of (x,y) gives isolatedness of y when X
is a set, and for products also of x, with no hypothesis. (Isolatedness
of the first component of a general sum needs the fibers to be compact

(Lemma 4.20).)
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(5) Left-cancellable maps, embeddings and equivalences reflect isolated-
ness, and equivalences also preserve isolatedness, and preserve and
reflect discreteness.

Proof. (1) If x is isolated then so is inlz, because an element of X + Y is
either of the form inla’, and then equality with inlz reduces to 2/ = =z,
or of the form inry, and then the two are distinct, and symmetrically for
inr. Discreteness of X + Y follows by cases. (2) For a retraction r with
section s, decide sy = sy’ in the discrete type. Equality of these two values
gives y = ¢ after applying the retraction r and using 7 o s ~ id, and their
inequality gives y # v/'.

(3) A proposition valued subtype of a discrete type is discrete because
equality of pairs reduces to equality of first components, the second being
a proposition. For Y-types with a discrete index and discrete fibers, both
components of every point are isolated, so every point is isolated by (4).

(4) Let  : X and y : Yz be isolated. To decide whether (z,y) equals
a given pair, decide first components using the isolatedness of x. If they
differ, the pairs differ. If they agree, the identification between them is
refl, an isolated point being homotopy isolated (Lemma 3.4(2)), so that the
second components are compared without transport, using the isolatedness
of y. Conversely, from isolatedness of (z,y) we recover isolatedness of y
by pairing an arbitrary 3y’ with z, for which we need the identification of
first components to be unique, which holds when X is a set. For x the set
hypothesis is unnecessary, the fiber not depending on the first component,
and there isolatedness of z is recovered as well, by pairing an arbitrary z’
with .

(5) A left-cancellable f reflects isolatedness, since to decide 2/ = x we
decide fz’ = fz and cancel. Embeddings and equivalences are left can-
cellable. An equivalence also preserves isolatedness, since its inverse is left
cancellable and so reflects isolatedness. (]

Proposition 3.7.

(1) If a type Y has two distinct points, then discreteness of YX implies
that the emptiness of X is decidable.

(2) A map out of a proposition into homotopy isolated points, in partic-
ular into isolated points, is an embedding.

Proof. For the first claim, let yg # y1 in Y and decide, in the discrete type
Y X, whether the two constant maps \z.yy and A\z.y; are equal. If they are,
then yo = y1 at every x : X, so X must be empty. If they are not, then X
cannot be empty, since over an empty X any two maps are equal.

For the second, let P be a proposition and f : P — Y land in homotopy
isolated points. The fiber of f over y is ¥,.p(fp = y), and any two of its
elements have equal first components, since P is a proposition, and equal
second components, since fp = y is a proposition by homotopy isolatedness.
So the fibers are propositions, and hence f is an embedding. Isolated points
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are homotopy isolated (Lemma 3.4(2)), which gives the statement for maps
into isolated points. O

3.2. Totally separated types. The following is a boolean Leibniz prin-
ciple, whose classical topological reading is that the clopens separate the
points.

Definition 3.8 (Total separatedness). A type X is totally separated if the
maps X — 2 separate the points of X, in the positive sense that for all
z,y: X, if px =py for every p: X — 2, then z = y. Write

z=yy:= [[pr=py
p:2X
for the equivalence relation that x and y are indistinguishable by 2-valued
maps, so that total separatedness amounts to x =2 y — = = y.

This notion is classically uninteresting, because excluded middle implies
that every set is totally separated, in view of Lemma 3.9(1).

Lemma 3.9.

(1) Ewery discrete type is totally separated.

(2) Ewery totally separated type is ~—-separated.
(3) Ewvery totally separated type is a set.

(4) Being totally separated is a proposition.

Proof. If X is discrete and z =2 y, apply the hypothesis to the characteristic
function of x, which sends x to 0. It must then send y to 0 as well, which
for that particular function means z = y.

For ——-separatedness, suppose == (x = y). For each p : X — 2 we get
——(pxz = py) by applying p, and 2 is ——-separated because equality in it is
decidable. So x =3 y, and total separatedness gives x = y. Being a set then
follows, since ——-separated types are sets by Lemma 2.18.

For the last item, given a witness of total separatedness the type is a set
by (3), so total separatedness is a Il-type of identity types of a set, hence
a proposition, and a type is a proposition as soon as it is one under the
assumption of a point of it. O

Examples 3.10.

(1) The homotopical circle fails to be totally separated for homotopical
reasons, because it is not a set [44, Section 6.4], and totally separated
types are sets by Lemma 3.9(3).

(2) The type € of propositions fails to be totally separated for con-
structive reasons: if {), is ~—-separated (in particular, if it is totally
separated), then excluded middle holds for ¢ (Definition 2.24).

(3) More relevantly for us, the type X,.n, 27~ fails to be totally sepa-
rated constructively, because its total separatedness implies ~——=WLPO.
This example is [25, Theorem 2.7|, and is the prototype here for the
failure of total separatedness proved in Section 6.2 below.
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We can visualize the type X . 2= of item (3) as a sequence that con-
verges to two distinct points at infinity:

0 1 2 3 4 . 500

e OO1

In classical topology, in a Hausdorff space, and hence in a totally separated
space (the clopens separate the points), the intersection of two compact
subsets is compact. The type ¥, 277 gives a counterexample:

{0,1,...,000} N {0,1,...,001} = N
\ / 1
compact not compact

Proof of Examples 3.10(2,3). (2) Let P be a proposition with =—P, and re-
gard it as a point p : ;. Then P holds if and only if p = T, so == P gives
——(p = T), and ——-separatedness of €, gives p = T, hence P. That is
double negation elimination, which is equivalent to excluded middle. Total
separatedness gives ~—-separatedness by Lemma 3.9(2).

(3) The type has two copies of the point at infinity, namely the pairs
009 = (00, A_.0) and 0oy = (00, A_.1), which are distinct because Ny, is
a set, so that the fibers over oo are compared without transport. A map p
separating them gives the two maps u — p(u,A .0) and u — p(u,A_.1)
from N, to 2, which agree at every finite point, the type n = oo being empty,
and differ at oco. Comparing their values at u : Ny then decides whether
u = oo. If the values agree, then u # oo, and if they differ, then « is not
finite, and hence is 0o, since a conatural number that is not finite is co. That
is WLPO in the formulation of Definition 2.25. So “WLPO leaves the two
points indistinguishable by 2-valued maps, and total separatedness would
then identify them, so total separatedness of the sum gives ~—WLPO. [J

Write
T2y =3pax pr Fpy

for the relation that some 2-valued map separates x from y. For every type
X, whether or not it is totally separated, this is an apartness. Irreflexivity
says that px # px is impossible, symmetry is clear, and for cotransitivity,
given p with px # py and any z, decide px = p z in 2, which gives pz # py
in one case and px # p z in the other.
Proposition 3.11. The following are equivalent for any type X.

(1) X is totally separated, meaning that x =2 y — x = y.

(2) The quasi-component X,z =9 y of every point x : X is a singleton.

(3) The evaluation function evalx : X — 22" that maps © : X to the

function (p — pz): 2% — 2 is an embedding.
(4) The apartness relation o is tight.

Proof. (1)<(2). The quasi-component of a point = has the point (x,refly),
where refly witnesses the reflexivity of =9. Assuming (1), any point (y,e)
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of the quasi-component has y = z, and the second components then agree
because x =5 y is a proposition, being a Il-type of identity types in the set 2.
So the quasi-component of z is a singleton, with center (z,refly). Conversely,
assume (2) and let e witness z =9 y. The points (x,refly) and (y,e) of the
quasi-component of x are equal, and their first components give z = y.
(1)&(3). An embedding is a map whose fibers are propositions, and the

fiber of evalx over a point ® of 22" is the type
EIZX (evalx r = (I)).

By function extensionality, an identification evalx x = evalx y amounts to
x =2 y. Assuming (3), if x =2 y then the points (x,refl) and (y,e), where
e is the identification that x =9 y gives in this way, lie in the fiber over
eval x x, which is a proposition, so they are equal and their first components
give © = y. Conversely, assuming (1), any two points of a fiber have equal
first components, and their second components then agree because 22" s a
set, being a product of copies of the set 2.

(1)<(4). Tightness of f2 says that —(z f2 y) implies z = y, and the
hypothesis says that no p separates x from y. The truncation in fs can be
dropped, because the statement is negated and hence a proposition. Since
px # py is decidable in 2, the hypothesis is equivalent to px = py for
every p, that is, to x =2 y. So tightness of o and total separatedness are
the same assertion. O

Proposition 3.12. Total separatedness is closed under

(1) retracts, hence under equivalence,

(2) binary products,

(3) sums when the index type is discrete, and, as the special case of this
indexed by 2, under binary sums,

(4) arbitrary products.

Proof. For retracts, let r : X — Y be a retraction with section s, and let
y =2 ¢y in Y. Testing y and ¢y’ against the maps of the form ¢ o s with
q: X — 2 gives sy =2 sy, hence sy = sy’ by the total separatedness of X,
and applying r gives y = v/.

For sums over a discrete index, let (a,b) =2 (x,y) in Y. Testing against
the maps that ignore the second component gives a =9 z in the index, and
hence a = z by discreteness and Lemma 3.9(1). Let b’ be the transport of
b along this identification. Given g : Y & — 2, define a function on XY by
deciding, for each index u, whether v = z, which discreteness allows, and
sending (u, v) to the value of g at the transport of v along the identification
u = x when there is one, and to 0 when there is not. A discrete type is a
set (Lemma 3.4(1)), so the identification decided at x itself is refl, and the
function takes the value gy at (z,y). Testing (a,b) and (z,y) against it gives
qb/ = qy. So b’ =5 y, and the total separatedness of Y z gives b’ = y, which
together with a = x gives (a,b) = (z,y).
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For binary sums, testing against the map that is 0 on X and 1 on Y
shows that two points indistinguishable by 2-valued maps lie in the same
summand, and for inlz and inl2’ testing against the maps that apply some
q: X — 2on X and are constantly 0 on Y gives z =5 2/, and symmetrically
for inr.

For products, let ¢ =9 ¢ in [[, Y, and fix  : X and ¢ : Yo — 2.
Testing ¢ and v against the map A\y.q (yz) gives ¢ (pz) = q (¢ ), so that
px =2 P x, and the total separatedness of Y = gives px = ¢ x. Since z was
arbitrary, the functions ¢ and v agree at every point and hence are equal.
For binary products, testing (a,b) and (z,y) against the maps that ignore
one of the components gives a =9 x and b =2 y. O

Examples 3.13.

(1) Total separatedness fails constructively to be closed under 3. The
index type and the fibers of the type ¥,.n_  2*7> are totally sepa-
rated, whereas its own total separatedness implies ~—WLPO (Ex-
amples 3.10(3)).

(2) The simple types are the smallest collection of types containing N
and closed under function types, and the Baire type NN is one of
them. Every simple type is totally separated and pointed, and has N
as a retract. More generally, every retract of N, such as the type 2,
is a retract of every simple type.

(3) The converse of Lemma 3.9(1) fails constructively, since the Cantor
type 2N is totally separated, and its discreteness implies WLPO.

Total separatedness also fails constructively to be closed under surjective
images, as we will see in Example 6.11.

Proof. (1) The index type Ny is a retract of 2V (Example 3.1), and the
Cantor type and the fibers 2= are products of copies of 2, which is totally
separated, being discrete (Lemma 3.9(1)). So the index type and the fibers
are totally separated, because total separatedness is closed under products
and retracts (Proposition 3.12).

(2) All three claims are proved by induction on the construction of the
simple types. The type N is discrete and hence totally separated, and total
separatedness is closed under IT (Proposition 3.12(4)). Pointedness holds at
the base type and passes to function types by taking constant functions. For
the retract claim, the induction step is that if A is a retract of Y and X
is pointed, then A is a retract of YX, sending a point of A to the constant
function at its image in Y, and recovering it from a function X — Y by
evaluating at the point of X and retracting. A retract of N is a retract of

the base type, and hence of every simple type, and the type 2 is a retract of
N.
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(3) The Cantor type 2N is a product of copies of 2, and so is totally
separated by the same reasoning as in (1). It has Ny, as a retract (Ex-
ample 3.1), so its discreteness gives that of Ny, (Proposition 3.6(2)), which
implies WLPO (Examples 3.3(3)). O

We have seen that totally separated types are not in general closed under
sums. The following is a sufficient condition for a sum to be totally separated,
which will be useful for our purposes (Theorem 6.7(2)).

Lemma 3.14. For any family A : Ny — V with Awu totally separated for
every u and with A oo a proposition, its sum XA is totally separated.

Proof. Let (u,a) =2 (v,b). Testing against the maps that ignore the second
component gives u =9 v, and Ny, is totally separated, being a retract (Ex-
ample 3.1) of the totally separated type 2V (Examples 3.13(3)), so u = v.
Transport a along this identification to a’ : Awv, so that (u,a) = (v,d’), and
it remains to show that @’ = b, for which, A v being totally separated, it is
enough to show that a’ =2 b. So let r : Av — 2. As 2 is ——-separated it
is enough to rule out 7 a’ # rb, so suppose that it holds. If v were a finite
point n, then, that point being isolated (Examples 3.3(4)), r would extend
to a function on X A by deciding, for each index w, whether w = n, applying
r after transport when it is and taking the value 0 when it is not, as in the
proof of Proposition 3.12 for a discrete index, and testing (u,a) and (v, b)
against it would give ra’ = rb. So v is not a finite point. If v were oo, then
a’ = b, since Aoco is a proposition, and again ra’ = rb. So v # co. But a
conatural number that is not finite is co, which is a contradiction. O

Every type can be turned into a totally separated type in a universal way.

Theorem 3.15. Fvery type X has a totally separated reflection T X, con-
structed as the image of the evaluation map evaly : X — 22 defined in
Proposition 3.11(3), together with a reflector n* : X — T X, such that

(1) T X is totally separated, and n" is a surjection,

(2) for every totally separated A and f : X — A, there is a unique
f:TX — A with fon® = f, or, equivalently, precomposition with
nT is an equivalence ATX ~ AX,

(3) the reflector identifies x and y if and only if x =3 y.

Proof. Put T X := image(evaly), a subtype of 22X, and let T be the core-
striction of evaly, which is a surjection onto its image, so that surjection
induction (Definition 2.9) is available for n™.

(1) The type T X is totally separated, since its elements are pairs (@, w)
with w a truncated witness of being in the image, hence a proposition, so two
elements are equal as soon as their first components are. Given (p,w) =2
(v, w"), test against the maps 2’ — pryz’p for each p : X — 2, which gives
@p=-p for every p, so ¢ = .

(2) Let A be totally separated and f : X — A. Uniqueness is immediate
from 7" being a surjection and A a set (Lemma 3.9(3)). For existence, note
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that by Proposition 3.11(3) the map evaly is an embedding, so the fibers
Yaevalga = ~ are propositions. Hence, to find a point in the fiber over
Aq. ¢(go f), we may untruncate w to some x : X with evalx z = ¢, and then
f x is such a point, because ¢ (fx) = ¢ (qo f) for every ¢ : A — 2. Define
f(p,w) to be the unique @ in this fiber. By construction, ¢ (f (¢, w)) =
@ (qo f) for every q : A — 2, so that ¢ (f (nTx)) = q(fz) at every z : X,
and the total separatedness of A gives fon® = f.

(3) If n”T2 = nTy then their first components agree, which is exactly
x =9 y. Conversely x =9 y gives equality of first components, and the

second components are propositions. O

A special case of interest of Theorem 3.15(2) is A = 2, which shows that
the boolean valued functions on X are in canonical bijection with those
on T X.

4. COMPACT TYPES

This section studies the notion of compact type, including its closure prop-
erties, its interplay with the notions of discreteness and total separatedness,
as well as the extension of families of compact types along embeddings, which
is crucial for the purposes of Sections 6 and 7.

4.1. Definitions and first examples.

Definition 4.1 (Compactness). A type X is X-compact, or compact for
short, if it is decidable, for every p : X — 2, whether p has a root:

Hp;2X (the type Xp.x px =0 1is decidable).

We also consider the weaker notions of J-compactness and II-compactness,
obtained by replacing >,.x px = 0 by d..x px = 0 and by Il,.xpx = 1
respectively.

The same notions can be equivalently formulated with an arbitrary com-
plemented family in place of a 2-valued map.

Lemma 4.2. For any type X and any universe V, the compactness of X is
logically equivalent to the statement that the sum ¥,.x Ax is decidable for
every complemented family A : X — V, and also to the restriction of this to
proposition valued families A.

Proof. A complemented family A has a characteristic function p : X — 2,
with px = 0 giving Az and px = 1 refuting it, and then Az and px = 0 are
logically equivalent for every x, because Az rules out px = 1. In the other
direction, a map p : X — 2 gives the family sending x to 1 when px = 0 and
to 0 when px = 1, which is complemented and proposition valued, and which
lives in any universe, because 0 and 1 do. Pointwise logically equivalent
families have logically equivalent -types, and decidability is invariant under
logical equivalence. O
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The notions of 3-compactness and II-compactness, and the pointed com-
pactness of Lemma 4.6 below, can be treated by the same argument. In
view of Lemma 4.2, we say simply that a type is compact, using whichever
of these formulations is convenient for proofs, and saying which one when
this matters. In particular, compactness does not depend on the universe V.

Lemma 4.3. Every compact type is decidable, and every decidable proposi-
tion 1s compact.

Proof. For the first claim, apply compactness of X to the constantly 0 map.
Either it has a root, which in particular supplies a point of X, or else 0 = 1
for every point of X, which gives =.X.

For the second, let X be a decidable proposition and let p : X — 2. If
—X then pz = 1 for every = : X vacuously. If z : X, decide the value of pz.
If px = 0 then p has a root. If px = 1 then, since X is a proposition, every
y: X is equal to z, so py = 1. U

Proposition 4.4. Fvery type in a universe U is compact if and only if global
choice holds for U (Definition 2.23).

Proof. Assume global choice, let X : U/ andlet p: X — 2. Then ¥,.xpx =0
is a type in U, so it is decidable by global choice, which amounts to the
compactness of X. Conversely, if every type in U is compact then every type
in U is decidable by Lemma 4.3. O

Global choice is not only constructively unacceptable, but also inconsis-
tent with univalence [44, Corollary 3.2.7]. Nevertheless, in this paper we
build many compact types in a constructive type theory compatible with
univalence. We start from a trivial example and some basic but important
counterexamples.

Examples 4.5.

(1) Every finite type is compact, a finite type being one of the form
1+ ---+4+ 1, which includes the base case 0 in the obvious inductive
definition.

(2) N is compact if and only if LPO holds.

(3) N is 3-compact if and only if LPO holds.

(4) N is II-compact if and only if WLPO holds.

Proof. (1) follows from Theorem 4.8(1,2) below, by induction on the number
of summands. Items (2) and (4) hold by definition (Definition 2.25). For (3),
LPO gives the compactness of N by (2), and hence its 3-compactness (Propo-
sition 4.14(2) below). Conversely, if 3,, pn = 0, then the least n with pn =0
exists in an unspecified way, and, being unique, can be found. So the 3-
compactness of N gives its compactness, which is LPO by (2). [l

Compact types are closed under retracts, finite disjoint unions, images,
and, when the index type is compact, under arbitrary sums (Section 4.3).
Compactness, discreteness and total separatedness interact with function
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types much as their topological namesakes do, with arbitrary functions of
type theory playing the role that continuous maps play in topology, but with-
out any Brouwerian continuity principle (Section 4.5). Under classical logic
in the metatheory, the notions coincide with their topological counterparts
in the model of simple types given by Kleene-Kreisel spaces [16, 32|.

4.2. Compact pointed types. For reasons pertaining to constructivity, a
number of definitions and theorems need to assume that the compact types
under consideration are pointed. Moreover, it is convenient to work with the
following characterization of compact pointed types, which we apply tacitly
in what follows.

Lemma 4.6. The following are equivalent for any type X.

(1) X is compact and pointed.
(2) For every p: X — 2 we can find xo : X such that pxg = 1 implies
pr=1forallxz:X:

H Yiro:X (p:Bo =1—>Vz.pzr= 1).
p:2X

We call such an xy a universal witness for p. It is a root of p if and only
if p has some root.

We call a function ¢ : 2% — X assigning a universal witness to each p a
selection function [24] for X. In (2), a candidate root is produced before it
is known whether a root exists.

Proof. (1) implies (2). Let X be compact and z, : X, and let p : X — 2.
By compactness, either p has a root x, and we take xy = x, so that the
implication pxg = 1 — Vx.px = 1 holds vacuously because pxg = 0, or else
px = 1 for every z, and we take xg = x4, the conclusion of the implication
being the assumption of this case.

(2) implies (1). Let p : X — 2, with universal witness z¢. If pxo = 0
then xg is a root of p. If pxg = 1 then px = 1 for every x by the universality
of xg. This is precisely the case distinction required by compactness. For
pointedness, apply the hypothesis to e.g. the constantly 0 map, which gives
a point of X.

A universal witness is a candidate root. With xq a universal witness for p,
one direction is trivial, since if zg is a root then p has a root. For the other,
suppose px = 0 for some x. Then it is not the case that p2’ = 1 for every 2/,
since that would give px = 1, contradicting px = 0. By the contrapositive
of the universality of xg, we conclude pxg # 1 and so zg is a root. O

Examples 4.7.

(1) The type 2 is compact pointed, with a selection function given by
ep=pO0 for any p : 22.

(2) The type €y of propositions in a universe U is compact pointed too,
despite excluded middle being undecided in our type theory.



COMPACT TOTALLY SEPARATED TYPES 25

(3) The type Ny of Example 3.1 is an infinite compact type, with a root
selection function e p = (n — min{p(k) | k¥ < n}). Moreover, ep is
the infimum of the set of roots of p, in the order of N, as an ordinal
(Example 5.18), which may or may not be a root, but is a root if and
only if p has some root.

Proof. For 2, take o = p0 and suppose p (p0) = 1. We first get p0 = 1 by
cases on pO0: it is immediate when p0 = 1, and when p0 = 0, substituting
that equation into p (p0) = 1 gives p0 = 1, a contradiction. Substituting
p0 =1 into p(p0) = 1 then gives p1 = 1, so p is constantly 1.

For €y, decide the value of p L. If p L. = 0, take L as a universal witness,
the implication holding vacuously. If p L = 1, take T, and we must show
that if also p T = 1 then p is constantly 1. Two maps {2y — 2 that agree
at | and T agree everywhere, because the map 2 — (), is extremely dense
(Lemma 2.22) and an extremely dense map is right-cancellable with respect
to maps into a ~—-separated type (Lemma 2.21), such as 2, which is discrete.
Applying this to p and the map constantly 1 gives p P = 1 for every P.

For Ny, let p : Noo — 2 and u = ep, so that u,, = 1 precisely when
p(k) = 1 for every k < n. Suppose that pu = 1. If u were a finite point
n, then u, = 0 while up = 1 for k£ < n, which by the definition of u means
p(n) =0, and so pu =p(n) = 0. So u is not finite, and hence is oo, since
a conatural number that is not finite is co. This says that p (k) = 1 for
every k, and also poo = pu = 1. So p agrees with the constantly 1 map on
the image of the extremely dense map N+ 1 — Ny, (Examples 3.3(6)), and
hence is constantly 1 by Lemma 2.21, 2 being ——-separated. For the claim
about the infimum, see [17] or the companion formalization file [21]. O

4.3. Closure properties of compact types.

Theorem 4.8.

(1) The types 0 and 1 are compact, and so is every singleton.

(2) If X and Y are compact, so is X +Y.

(3) If X is compact and Y x is compact for every x : X, then XY is
compact. In particular, the product X XY is compact when both X
and Y are.

(4) If'Y is a retract of X and X is compact, then so is Y. In particular,
compactness is invariant under equivalence.

(5) If f: X = Y is a surjection and X is compact, then so is Y, and
hence so is the image of any map out of a compact type.

Proof. By Lemma 4.2 we may take the given data to be a complemented
family A on the type under consideration rather than a 2-valued map, so
that the task is to decide the sum of A.

Items (2), (4) and (5) follow one pattern, which we state first. If f: X —
Y is a map and A is a complemented family on Y, then the composite Ao f
is a complemented family on X, and a point (x,a) of ¥ (A o f) gives the
point (fx,a) of ¥ A. So when X is compact, the sum of Ao f is decidable,
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and what remains is to show that ¥ A is empty in the case that X (Ao f) is,
for which the hypothesis on f is used.

(1) The types 0 and 1 are decidable propositions, and so is any singleton,
so this is an instance of Lemma 4.3.

(2) Apply the pattern to the injections inl : X — X +Y and inr : ¥ —
X +Y, whose domains are compact by hypothesis. If either of ¥ (A o inl)
and ¥ (A oinr) has a point, then so does ¥ A. If both are empty, then so is
YA, because every point of X + Y is of the form inlx or inry.

(3) For each z : X, the family y — A (x,y) on Y = is complemented, and
so the compactness of the fibers makes the family

Bz = Y,y A(z,y)

on X complemented. The compactness of X then decides the sum of B,
which is the sum of A up to reassociation, and decidability is invariant under
logical equivalence. Binary products are the case of a constant family Y.

(4) Apply the pattern to the retraction r : X — Y, whose section s :
Y — X satisfies r (sy) = y for every y : Y. A point (y,a) of LA gives the
point (sy,a’) of ¥ (A or), where @' is obtained from a by transport along
the identification y = r(sy), and so ¥ A is empty when ¥ (A or) is. An
equivalence is in particular a retraction.

(5) Apply the pattern to the surjection f. If ¥ (A o f) is empty, then
- A(fx) holds for every z : X, and hence = Ay holds for every y : Y by
surjection induction (Definition 2.9), which is available because negations
are propositions. Therefore ¥ A is empty. The image of a map ¢ out of a
compact type is covered by applying this to the corestriction of g, which is
a surjection. U

Proposition 4.9. If X is compact, then so is its totally separated reflec-
tion T X constructed in Theorem 3.15.

Proof. The reflector n' is a surjection (Theorem 3.15(1)), and compactness
passes to surjective images (Theorem 4.8(5)). O

Corollary 4.10. Pointed compactness is closed under

(1) retracts, and hence equivalence,
(2) sums, and hence binary products and coproducts,
(3) surjective images.

Proof. A compact pointed type is a compact type with a point (Lemma 4.6),
and each of the three constructions preserves compactness by Theorem 4.8.
What remains is to produce a point in each case.

(1) A retraction X — Y sends a point of X to a point of Y, and an
equivalence is in particular a retraction.

(2) A point z of the base together with a point of the fiber Y z is a point of
>Y. Binary products are the case of a constant family. Binary coproducts
are the case of the family on 2 with fibers Xy and X, since 2 is compact
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pointed (Examples 4.7) and X, + X is equivalent to the sum of that family,
pointed compactness being invariant under equivalence by (1).
(3) A surjection X — Y sends a point of X to a point of Y. O

Proposition 4.11. Let X be a compact type.

(1) If A is a complemented, proposition valued family on X, then the
subtype Yp.x Ax is compact.

(2) If A and B are families on X and [],. (Ax + Bx) holds, then we
can decide between Y. x Az and [[,.y Bx.

(3) If A is a complemented family on X and ¥,.x Az is non-empty, then
it is pointed.

Proof. (1) Let B be a complemented family on the subtype X,.x Az, so that
what has to be decided is the sum of B. The family

Cx = YgazB(z,a)

on X is complemented. Indeed, decide Ax. If Ax is empty then so is C'z.
If a: Az, decide B (x,a). A point b of B (x,a) gives the point (a,b) of C'x,
and if B (x,a) is empty then so is C'z, because Az is a proposition, so that
any o' : Az is equal to a and a point of B (z,a’) transports to a point of
B (x,a). The compactness of X now decides the sum of C', which is the sum
of B up to reassociation.

(2) Write ¢ for the given point of [[,.y (Ax + Bx) and let p: X — 2 be
its indicator, with px = 0 when ¢z lands in Az and pxz = 1 when it lands
in Bx. The compactness of X decides whether p has a root. A root x comes
with a point of Ax, and so gives a point of X,.x Ax. If there is no root,
then px = 1, and hence Bz, for every =x.

(3) The compactness of X decides the sum of A, and a decidable type is
——-stable. U

Remark 4.12. Tychonoff’s theorem in classical topology says that arbitrary
products of compact spaces are compact. In our case, Theorem 4.8(3) gives
this for binary, and hence finite, products of compact types. Without further
axioms, it is not possible to prove an infinite generalization in our type theory,
not even a countable one. With our type theoretical counterparts of the
topological notions, the compactness of the Cantor type 2V, the countable
product of copies of 2, is independent, as it holds in the topological topos
and in the Kleene—Vesley topos [51], but fails in the effective topos [29] due
to the presence of Kleene trees (infinite binary trees with no computable
paths, which give recursive counterexamples to Konig’s Lemma and hence
to the compactness of the Cantor space [33]).

However, under the Brouwerian principle that all maps of the Cantor
type 2N into a discrete type are uniformly continuous, which we are not
adopting here (cf. Section 2.3), the Cantor type becomes compact in our
sense. We say that a number n : N is a modulus of uniform continuity of a
map p of 2N into a discrete type if pa = p 8 whenever the sequences a and
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B agree at their first n digits, and when such a number is given we say that
p is uniformly continuous.

Proposition 4.13. For any uniformly continuous map p : 2N — 2 we can
find a universal witness for p, in the sense of Lemma 4.6, and hence decide
whether p has a root.

Proof. For b: 2 and a : 2N, write ba for the sequence that begins with b and
continues as «, and write p, for the map o — p (ba). If n+1 is a modulus
of uniform continuity of p, then n is one of py, because ba and b3 agree at
their first n+1 digits whenever « and [ agree at their first n digits.

Define &, p : 2N for every p by induction on n. For the base case g9 p we
can take any sequence we please, for example the constantly 0 one, and for
the induction step we define

En+1P = bo (€n Py )5

where by is the value at 0 of the function b — py (€, pp) on 2, which is a
universal witness for it (Examples 4.7).

We show by induction on n that, for every p, if n is a modulus of uniform
continuity of p and p (g, p) = 1, then pa = 1 for every a. For n = 0, the
map p is constant, and so it takes the value p (¢9p) = 1 everywhere. For
n+1, the definition gives p (€41 D) = Py, (En Db, ), O that the universality of
by gives py, (en, pp) = 1 for both values of b. The induction hypothesis, applied
to the maps pp with modulus n, then gives p (ba) = 1 for every b and «, and
every sequence is of the form ba. So €, p is a universal witness for p. O

4.4. 3-compactness and II-compactness.

Proposition 4.14.

(1) Each of 3-compactness and I1-compactness is a proposition.

(2) Any compact type is 3-compact.

(3) Any 3-compact type is II-compact.

(4) If X is 3-compact then 3p.x px = 0 is 7—-stable.

(5) A type X is II-compact if and only if the constant map Ax. 1 is isolated
in 2%,

(6) A type X is I-compact, respectively II-compact, if and only if its
totally separated reflection T X constructed in Theorem 3.15 is.

Proof. (1) For each p, the types 3;px = 0 and [[, pa = 1 are propositions,
and so is the decidability of a proposition.

(2) Compactness gives, for each map p, either a root, whose truncation
gives 3ppx = 0, or a proof that p is constantly 1, which refutes it.

(3) Decide 3zpx = 0. In the positive case, [[, px =1 is refuted, because
a root of p contradicts it, and this conclusion, being a negation, may be
drawn from the truncated existence. In the negative case, no x has px = 0,
and hence px = 1 for every z, as 2 has only two points.

(4) The proposition 3,pz = 0 is decidable, and decidable types are ——-
stable.
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(5) The II-compactness of X says that [[. px = 1 is decidable for every p,
while the isolatedness of Az.1 says that p = Az.1 is decidable for every p.
The type [[,pxz = 1 is pointwise equality of p with the constant map,
so the two types are equivalent and decidability is invariant under logical
equivalence.

(6) Let ¢ and p = gon" be corresponding functions on T X and on X,
using Theorem 3.15(2) with A = 2. Decidability transfers along a logical
equivalence, so it is enough to prove

dexpr =0 < dyrxqy=0, Hp:v:1<:> H qy = 1.
z: X y:T X

A root x of p gives the root T 2 of ¢. Conversely, the reflector is a surjection,
so a root of g has a preimage in an unspecified way, and any such preimage is a
root of p. If gy = 1 for every y, then px = 1 for every x by composition with
the reflector. Conversely, if px = 1 for every «, then qy = 1 for every y by
surjection induction along the reflector, the equations being propositions. [

The following are some closure properties of the two weaker notions of
compactness.

Proposition 4.15.

(1) Both 3-compactness and II-compactness pass to surjective images,
and hence to retracts.

(2) If X is II-compact and Y x is II-compact for every x : X, then the
sum XY is II-compact.

(3) Both notions pass to complemented subtypes.

Proof. (1) Let f: X — Y be a surjection and let ¢ : Y — 2, and apply the
compactness hypothesis on X to the map go f.

For d-compactness, a root of g o f gives a root of ¢, and so the truncated
existence of the former gives that of the latter. If ¢ o f has no root, then
neither has g, because a root of ¢ has a preimage under f in an unspecified
way, and that preimage is a root of go f. This conclusion, being a negation,
may be drawn from the truncated existence.

For II-compactness, if g (f z) = 1 for every x : X, then qy = 1 for every
y : Y by surjection induction along f, the equations being propositions,
and conversely by composition with f. So the two universal statements are
logically equivalent, and decidability transfers along a logical equivalence.

Images are the case of the corestriction, which is a surjection, and a re-
traction is a surjection.

(2) Let p: XY — 2. For each x : X, the II-compactness of the fiber Y z
decides Hyp(x,y) =1, and so there is a map ¢ : X — 2 with gz = 1 if and
only if Hyp (x,y) = 1. The IT-compactness of X decides [[, ¢z = 1, which
is logically equivalent to [[, [, p(z,y) = 1, and this is [, ,yp(z,y) = 1
after currying.

(3) Let S be a complemented subset of X, with subtype ¥,.x x € S.
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If X is 3-compact, apply F-compactness to the characteristic function of
S, which decides whether the subtype is inhabited. If it is not, then the
subtype is empty, and an empty type is 3-compact. If it is, then a point
of the subtype makes it a retract of X, the points outside S being sent to
that point, and so the subtype is 3-compact by (1). This conclusion may
be drawn from the inhabitedness of the subtype, because 3-compactness is
a proposition (Proposition 4.14(1)).

If X is II-compact, a function on the subtype extends to a function on X
that takes the value 1 outside S, and the extension is constantly 1 if and
only if the given function is. So the Il-compactness of X decides whether
the extension is constantly 1, and hence whether the given function is. [

Proposition 4.16.
(1) A proposition is 3-compact if and only if it is decidable.
(2) The truncation | X|| of an 3-compact type X is decidable.
(3) A non-empty 3-compact type is inhabited.
(4) A II-compact type has decidable negation.

Proof. (1) and (2) Apply J-compactness to the constantly 0 map. Every
point of X is a root of it, so that what is decided is the truncation || X,
which gives (2). When X is a proposition, the truncation is equivalent to
X, and so an J-compact proposition is decidable. Conversely, a decidable
proposition is 3-compact, by the argument of Lemma 4.3 with 3 in place
of 3.

(3) The truncation || X|| is decidable by (2). Its negation is logically equiv-
alent to —X, which is ruled out by the non-emptiness of X, and so the
truncation holds, which says that X is inhabited.

(4) Apply II-compactness to the constantly 0 map. What is decided is
[[,0 = 1, which is logically equivalent to =X, because the type 0 = 1 is
empty. [l

The following truncated form of Lemma 4.6(2), being a product of propo-
sitions, is a proposition.

Proposition 4.17. The following are equivalent for any type X.

(1) X is 3-compact and inhabited.
(2) Bvery p: 2% has a universal witness in an unspecified way:

[12x Fupix (pzo=1—Va.pz=1).
Moreover, the type X is 3-compact if and only if it is empty or satisfies (2).

Proof. (2) implies (1). Taking p constantly 0 gives a point of X in an
unspecified way, so that X is inhabited. For 3-compactness, let p: X — 2
and let xg be a universal witness for p, available in an unspecified way.
Deciding the value of pxg either produces a root of p or shows that p is
constantly 1, and so decides d;pax = 0. This decision may be made under
the truncation, because the decidability of a proposition is a proposition.
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(1) implies (2). Let p : X — 2. By F-compactness, either p has a root
in an unspecified way, and that root is a universal witness, the implication
holding vacuously, or p is constantly 1, and then any point of X is a universal
witness, one being available in an unspecified way from the inhabitedness
of X.

The final claim. An J-compact type has decidable truncation by Propo-
sition 4.16(2), and so is either inhabited, in which case it satisfies (2) by
the equivalence just proved, or empty. Conversely, a type satisfying (2) is
J-compact by that equivalence, and so is an empty type, no function on it
having a root. O

Proposition 4.18. A type X is II-compact if and only if every p : X — 2
has an infimum, that is, a greatest n : 2 such that n < px for every x : X.

Proof. Let X be Il-compact and let p : X — 2. Decide whether p is con-
stantly 1. If it is, then 1 is a lower bound of its values, and it is the greatest
element of 2, so that it is the infimum. If it is not, then 0 is a lower bound,
being the least element of 2, and 1 is not a lower bound, as that would make
p constantly 1, so that 0 is the infimum.

Conversely, suppose that every p : X — 2 has an infimum, and consider
the two possible values of infp. If it is 1, then 1 < px, and hence pz = 1,
for every x. If it is 0, then p is not constantly 1, because that would make 1
a lower bound of its values and so force 1 < inf p. ([

The infimum operator sends p to a boolean inf p that is 1 precisely when
p has value 1 everywhere, so that it defines a boolean universal quantifier
A :2X — 2 with Ap = infp. This is compactness in the sense of synthetic
topology with dominance 2. In fact, writing K : 2 — 2% for the map sending
a boolean to the constant function at it, an infimum operator is precisely an
order theoretic right adjoint A to K, since the adjunction says that Kn <p
pointwise if and only if n < A p, which is to say that A p is the greatest lower
bound of the values of p.

In classical topology a space X is compact if and only if every projection
Y x X — Y is a closed map. The notion appropriate here is that of a clopen
map, one sending complemented subsets to complemented subsets, with the
image of a subset along a map as in Definition 2.13.

Proposition 4.19. A type X is d-compact if and only if every projection
Y x X =Y is a clopen map.

Proof. Let X be 3-compact, let p : Y x X — 2 be the characteristic function
of a complemented subset, and let y : Y. Membership of y in the image
of that subset along the projection amounts to 3,.x p (y,x) = 0, which 3-
compactness decides.

Conversely, take Y to be the one-element type and let p : X — 2. Consider
the subset of 1 x X with characteristic function p o pry. Membership of the
point of 1 in the image of that subset along the projection 1 x X — 1
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amounts to d,.x px = 0, so that the clopenness of this single projection
gives the 3-compactness of X. U

4.5. Interplay between the notions. We collect results that combine
compactness, discreteness and total separatedness.

Lemma 4.20. IfY z is compact for every x : X and the point (z,y) of XY
1s isolated, then x is isolated.

Proof. Let 2’ : X, so that what has to be decided is = /. The family
Ay = ((z,y) = (,y)

on Y ' is complemented, because (z,y) is isolated, and so the compactness
of Y 2/ decides the sum of A. If some ¢’ has (z,y) = (2/,¢'), then z = 2’ by
taking first components. If none does, then x # 2/, because an identification
x = x’ would give such a 3’ by transporting y along it. O

Proposition 4.21.

(1) If X is II-compact and Y x is discrete for every x : X, then [[,Y x
is discrete.
(2) If X is compact, the discreteness of [[,Y x can be strengthened to

(Exzxfx#gl‘) + (fzg) forall f,g:1[,Y =.

Proof. Given f,g : [[,Y z, the discreteness of each Y = decides fz = g,
so there is an indicator p : X — 2 with px = 0if fz # gz and pz =1
otherwise.

(1) II-compactness decides whether px = 1 for every z, which amounts to
deciding f = g, by function extensionality.

(2) Compactness decides whether p has a root, and a root of p is a point z
with fx # gx, and the absence of one gives f x = gx everywhere, and hence

f=g. O
Examples 4.22.

(1) The types 2N~ and NN~ are discrete, by Proposition 4.21(2), be-
cause Ny is compact (Examples 4.7(3)) and 2 and N are discrete
(Examples 3.3).

(2) The principle WLPO, the II-compactness of N (Examples 4.5(4)),
gives the discreteness of the Cantor type 2 by Proposition 4.21(1).
Together with Examples 3.13(3), this makes the discreteness of 2N
equivalent to WLPO.

Definition 4.23 (Disconnectedness). A type X is disconnected if 2 is a
retract of it, or, equivalently, if some p : X — 2 takes both values.

Proposition 4.21 has a partial converse.

Proposition 4.24. IfY is disconnected and Y~ is discrete, then X is II-
compact.
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Proof. Take first Y = 2. The II-compactness of X is the isolatedness of
the constant map Az.1 in 2% (Proposition 4.14(5)), and in a discrete type
every point is isolated. A disconnected Y comes with a retraction onto 2,
and composing with it and with its section makes 2% a retract of Y, and
discreteness passes to retracts (Proposition 3.6(2)). O

Proposition 4.25. Let Y be disconnected.

(1) If X is totally separated and Y is II-compact, then X is discrete.
(2) For arbitrary X, if YX is II-compact, then the totally separated re-
flection T X of Theorem 3.15 is discrete.

Proof. (1) Take first Y = 2, and let x,y : X. Since 2 is discrete, there is
amap q:2%X — 2 with ¢gp = 1 when pz = py and ¢p = 0 when the two
values differ. Applying the II-compactness of 2% to ¢ decides Hpq p=1,
which says that  and y agree at every 2-valued map, that is, that x =5 y.
If © =5 y, then z = y by total separatedness, and if not, then x # y, because
x =y would give px = py for every p. So X is discrete.

For a disconnected Y, a retraction of Y onto 2 makes 2% a retract of Y,
and II-compactness passes to retracts (Proposition 4.15(1)), so that the case
just proved applies.

(2) A retraction of Y onto 2 makes 2% a retract of Y, as in (1), and
2T X is equivalent to 2% because X and T X have the same 2-valued maps
(Theorem 3.15(2) with A = 2). So 2TX is a retract of YX and hence
IT-compact (Proposition 4.15(1)). Now apply (1) to T X, which is totally
separated (Theorem 3.15(1)). O

Examples 4.26.

(1) A I-compact simple type (Examples 3.13(2)) gives WLPO.
(2) The TI-compactness of 2N= gives WLPO.

Proof. (1) The type N is a retract of every simple type (Examples 3.13(2)),
and II-compactness is inherited by retracts (Proposition 4.15(1)), so N is
IT-compact, which is WLPO (Examples 4.5(4)).

(2) The type N is totally separated, being a retract of 2V (Example 3.1),
which is totally separated (Examples 3.13(3)), and total separatedness pass-
ing to retracts (Proposition 3.12(1)), so Proposition 4.25(1) turns the II-
compactness of 2V into the discreteness of Ny, which is WLPO (Exam-
ples 3.3(3)). O

4.6. The micro-Tychonoff theorem. We now formulate and prove the
smallest possible instance of Tychonoff’s theorem for our notion of compact-
ness (cf. Remark 4.12) by restricting the index type to be a subsingleton
and the indexed compact types to be pointed. A crucial application is the
compactness of extended sums (Theorem 4.33), on which the main results
of Sections 6 and 7 are based.

Theorem 4.27 (Micro-Tychonoff). If X is a proposition andY x is compact
pointed for every x : X, then [[, Y x is compact pointed.
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Proof. Let X be a proposition, let £, be a selection function witnessing that
Y x is compact pointed for each = : X, and let p : [[, Y 2 — 2. For each
x : X, evaluation at z,

fx:Hz/Y‘T/—)va fx‘ao:@xv
is an equivalence, because a product indexed by a proposition is the value
at any point of that proposition. Carry the map across by setting ¢,y =
—1 . . . . .
p(f; " y), and define the candidate witness pointwise:

Pox = EzxQx-
We claim (g is a universal witness for p. So assume ppg = 1, and we must
show pp =1 for an arbitrary .

(1) The conclusion follows from X. Suppose x : X. The universality
of pox for q, says that p(f;'(pox)) = 1 implies p(f;'y) = 1 for every
y: Y. Since frpo = @ox and f; ! is a retraction of f,, the hypothesis is
our assumption ppo = 1. Instantiating y = ¢ 2 and using f,; (¢ z) = ¢,
we get p = 1. This conclusion no longer mentions the point z, so that
X —=>pp=1.

(2) The conclusion also follows from —X. If X is empty then any two
points of [[, Y x are equal, in particular ¢ = ¢, and so pp =ppo = 1.

(8) Combining (1) and (2). Excluded middle, if it were available, would
now finish the argument, since X is a proposition, but it is not needed.
Suppose pyp = 0. Then pp # 1, so contraposing (1) gives =X, and then
(2) gives pp = 1. Thus pp = 0 implies pyp = 1. The value of pp is 0 or 1,
and in the first case it is also 1, so pp = 1. ([

Specializing to a constant family, this says that YX is compact pointed for
any proposition X and any type Y such that the pointedness of X implies
the compact pointedness of Y, whether or not X holds.

Example 4.28. The function type N*O is compact pointed. Indeed LPO
is a proposition that implies the compact pointedness of N, so Theorem 4.27
applies. The exponential is compact whether or not LPO holds, even though
the compactness of N is LPO itself, which is independent of our type theory
(Examples 4.5(2)).

Remark 4.29.

(1) The proof of Theorem 4.27 does not go through the equivalence
[[,Y 2 ~ Y xy, which holds once a point x¢ : X is given and would
transfer compact pointedness directly. Such a point is at hand only
under the hypothesis that X holds, whereas the universal witness
has to be produced without deciding X.

(2) The pointedness hypothesis is essential, since the corresponding state-
ment for plain compactness fails constructively. Indeed, take Y x :=
0, which is compact but not pointed. Then [[, Y x is =X, so the
unpointed statement would make =X compact, and hence decidable
(Lemma 4.3), for every proposition X, which is the principle of weak
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excluded middle. Pointedness enters the proof of Theorem 4.27 in
the definition of (g, which has to be a point of [[, Y 2 whether or
not X holds, and plain compactness provides no such point.

The hypothesis on the index type can be generalized from a proposition
to a subtype of a finite type, because such a subtype is a finite sum of
propositions.

Corollary 4.30. Let F be a finite type and j : X — F an embedding. If the
type Y x is compact pointed for every x : X, then so is [[, Y x.

Proof. The embedding decomposes X as the sum of its fibers, and currying
the product over that sum gives

H:)::XY:C = HzF Hw:j—l(i)Y(prlw)'

Each fiber is a proposition, j being an embedding, so each inner product is
compact pointed by Theorem 4.27. The outer product is a finite product of
compact pointed types, which is compact pointed by Corollary 4.10(2), and
pointed compactness is invariant under equivalence (Corollary 4.10(1)). O

4.7. Extension of families of compact types along embeddings. The
above closure properties of compact types allow us to construct new compact
types starting from examples such as finite types and N,,. However, they do
not reach far. To construct more compact types, we develop a generalization
of a certain squashed sum constructed in [17], with the aid of the theory
of algebraically injective types developed in [20]. It works by extending a
family of types along an embedding and then summing the extended family.
The extension operation witnesses the algebraic injectivity of the universe,
and the sum is compact because the fibers of an embedding are propositions,
so that the micro-Tychonoff Theorem 4.27 is applicable.

Definition 4.31 (II-extension). Let Y : X — U be a family of types and
j X — K an arbitrary map. The Il-extension of Y along j is the family
Y /j: K — U given by

v/jHk= ] Ya,
(z.p):5~" (k)
where j71(k) is the fiber of j over k.

This is illustrated by the following diagram, with the general case on the
left, used in Section 7, and the special case of the embedding N — N, on
the right, used in Section 6:
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The point of the above construction is that we can extend Y from N to Ny,
without checking whether the argument of the desired extension Y /¢ is oo
or not, which is not available in our constructive setting, as it amounts to

WLPO (Examples 3.3(5)).

Lemma 4.32. LetY : X - U and j: X — K.

(1) If j is an embedding, the Il-extension restricts back to'Y along j up
to type equivalence: for every x : X we have (Y / j)(jz) =Y x.
(2) If jo # k for every x : X, then (Y /j)k ~ 1.

Proof. (1) If j is an embedding then j~!(j z) is a proposition, and it contains
the point (x,refl), so it is a singleton. A product indexed by a singleton is
equivalent to its value at the center, whence (Y /j)(jz) ~ Y .

(2) If j o # k for every = : X then j~!(k) is empty, and a product indexed
by the empty type is equivalent to the type 1. [l

We refer to (Y / j) as the extended sum of Y along j.

Theorem 4.33 (Compactness of extended sums). For any embedding j :
X — K into a compact pointed type and any family Y : X — U of compact
pointed types, the extended sum (Y / j) is compact pointed.

Proof. By the closure of pointed compactness under ¥ (Corollary 4.10(2))
applied to the family Y/ j over the compact pointed base K, it suffices to
show that (Y / j)k is compact pointed for every k : K. By definition this
is the product of the types Y = over the index type j~!(k), all of which are
compact pointed by hypothesis, and j~1(k) is a proposition precisely because
j is an embedding. So the micro-Tychonoff Theorem 4.27 applies. U

Remark 4.34. Theorem 4.33 is a type theoretic generalization of the fact
that the squashed sum constructed in [17, Section 10| produces compact sets.
In loc. cit., given countably many compact pointed subsets X,, C 2N, we
rescaled X, by prefixing the finite sequence 10, making the pieces disjoint,
smaller in diameter, close together, and converging to the point co = 1¥ as n
increases, and defined their squashed sum to be the set of those « such that
if 170 is a prefix of « then a € 1"0X,,. This set is the closure of | J,, 170X,
which classically is this union together with {oo}. Constructively, it can be
described as the union of the Ny-indexed family

Y,={ac2V|VneN(z=n=acl10X,) and (z = 00 = a = 00)}.
The defining formula for Y, corresponds to the II-extension formula of Defi-
nition 4.31, for the family n +— 10X, along the embedding N < N,. Thus,
the extended sum generalizes the squashed sum to any embedding X «— K
into a compact pointed type and any X-indexed family of compact pointed
types.

Lemma 4.35. For any map j : X — K, not necessarily an embedding, and

any family Y : X — U of totally separated types, the type (Y / j)k is totally
separated for every k : K.



COMPACT TOTALLY SEPARATED TYPES 37

Proof. The type (Y / j)k is the product of the types Y x over the index
type 77 1(k), each of which is totally separated by hypothesis, and total
separatedness is closed under arbitrary products (Proposition 3.12(4)). O

Lemma 4.36. For any map j : X — K and any families Y, Z : X — U
such that Y x is a retract of Z x for every x : X,

(1) the type (Y / 3)k is a retract of (Z ] j) k for every k : K,

(2) the extended sum X (Y / j) is a retract of the extended sum ¥ (Z /] j).

Proof. (1) By Definition 4.31, the two types are products over the index
type j~!(k), and a product of retractions is a retraction of the correspond-
ing products, the retraction and the section acting pointwise. (2) follows
by Lemma 2.29(4), applied to the identity on K and to the retractions of
(1). O

Classically, every point of 2N is of one of the forms 10, with o : 2N,
or 1¥. The following gives a constructive version of this.

Lemma 4.37 (Delayed binary sequences).

(1) The extended sum of the constant family at 2N along the embedding
N — Ny s the type of delayed binary sequences, consisting of a
time u : Noo together with a binary sequence made available when u
is finite,

YNy, (u s finite — ZN).

(2) This type is equivalent to 2V,

Proof. (1) By Definition 4.31, the extension of the constant family at 2N
along the embedding ¢ : N — N, evaluates at a point u : Ny, to the type of
functions from the fiber t=!(u) to 2V, so that the extended sum is the sum
of these function types over u : No. A point of the fiber is a natural number
n together with an identification n = wu, that is, a witness of the finiteness
of u (Example 3.1).

(2) In one direction, we define a map

Cons : (Zu:Noo (u is finite — 2N)) — 2N,

A delayed binary sequence is encoded as the run of 1s prescribed by its time,
followed by a 0 and the delayed value. A conatural number is either 0 or the
result of prefixing a 1 to a conatural number, decided by its first digit, and a
binary sequence is a digit followed by a binary sequence, so that corecursion
on 2N defines Cons by the two clauses: the sequence Cons(0, 7) begins with 0
and continues as 7 applied to the witness that 0 is finite, and, for u prefixing
a 1 to v, the sequence Cons(u, ) begins with 1 and continues as Cons(v, 7'),
where 7’ is m composed with the passage from finiteness of v to finiteness
of u.
In the other direction, we first define two maps

Head : 2N — N
Tail : J[,.ov (Headc is finite — 2V)
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as follows. A binary sequence is turned into a delayed one by taking its
initial run of 1s as the time and what follows as the delayed value. For
a sequence «, let Head o be that initial run, read as a conatural number
and defined by the final-coalgebra presentation of Example 3.1, as 0 when «
begins with 0, and as the result of prefixing a 1 to the head of the tail of «
when « begins with 1. When Head « is finite, witnessed by n : N together
with an identification p of n with Head «, the delayed value is the suffix of
« after that run,

Taila (n,p) k = a(k+n+1).
The two together give the map
Cons™' o = (Head v, Tail @)

from 2N to the type of delayed binary sequences.

The composite Cons™! o Cons is the identity. Its first component asks for
Head(Cons(u, 7)) = u, which holds for u = n by induction on n from the
two clauses, and for u = 0o because Cons(co, ) begins with 1 and continues
as Cons(oo,n’), where 7’ = 7, both being maps out of the empty type of
witnesses of the finiteness of oo, so that Head(Cons(co, 7)) is a fixed point
of prefixing a 1, and oo is the unique such point. This proves the two cases
u = n and u = co. These suffice by Lemma 2.21, applied to the two functions
of u : Ny that send 7 to Head(Cons(u, 7)) and to u, because the map
N+1 — Ny is extremely dense (Examples 3.3(6)) and the values of the two
functions at w lie in a ——-separated type. That type is the type of functions
from (u is finite — 2V) to N, which is totally separated, since N is, being
a retract of 2V (Example 3.1, Examples 3.13(3), Proposition 3.12(1, 4)),
and totally separated types are ——-separated (Lemma 3.9(2)). The second
component asks that Tail(Cons(u, 7)), transported along the identification
just established, be 7, and this follows from the two clauses by cases on the
finiteness witness, the case of a positive witness using that Cons(n, ) is 7
applied to the witness of finiteness of n once its first n+1 digits are removed.

The composite Cons o Cons™ 1 is the identity as well. When a begins
with 0, the head of « is 0, and the first clause gives Cons(Cons™' ) = a,
because the finiteness witness obtained by transporting along Heada = 0
has size 0, which makes Tail & at that witness the tail of &. When « begins
with 1, the head of « prefixes a 1 to the head of the tail of «, and the
second clause gives that Cons(Cons™ ') begins with 1 and continues as
Cons(Cons ™! (the tail of «)), the transported witness again having the size
that makes Tail o agree with Tail of the tail of . Induction on the digit
index, with « generalized, settles all digits, the first case directly, and the
second by reducing the digit of index k+1 to the digit of index k of the tail.
The two composites being the identity, the map Cons is an equivalence. [

Remark 4.38. Notice that, more generally, for any type X, the extended
sum of the constant family at X along the embedding N < N, is the type
Y No (u is finite — X ) This type satisfies the universal property of the
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delay monad [5], and, moreover, 2" is the final coalgebra of the functor part
of this monad, but we will not prove these two facts here. Hence the extended
sum along N < N, of an arbitrary countable family X : N — U generalizes
the delay monad, the type X n of the result being allowed to depend on the
time uw = n at which it arrives.

Example 4.39. For every natural number k, the type of decreasing se-
quences of natural numbers bounded by k,

By = g ([Tiw B < k) x ([T B (i41) < Bi),
is compact and totally separated.

Proof. We show that By is equivalent to the type DF 1, where D sends a
type X to the extended sum of the constant family at X along the embedding
N — N, and that D¥1 is compact pointed and totally separated. This
suffices, because pointed compactness and total separatedness are closed
under equivalence (Corollary 4.10(1), Proposition 3.12(1)). We first establish
the properties of D that we need, and then construct equivalences By ~ 1 and
Bj41 ~ D By, which give By, ~ D*1 by induction on k, since D preserves
equivalences. Explicitly, for a type X, we define

DX = ¥, N, (u is finite — X).

If X is compact pointed, then so is D X, by Theorem 4.33, because N, is
compact pointed (Examples 4.7(3)). If X is totally separated, then sois D X,
by Lemma 3.14, because the type of functions from the finiteness of u to X
is totally separated for every u : Ny, (Lemma 4.35) and is a proposition for
u = 00, since oo is not finite. Hence D¥ 1 is compact pointed and totally
separated for every k, by induction on k. An equivalence e : X ~ Y gives an
equivalence D X ~ DY, sending (u, ) to (u,e o).

The two conditions on S in the definition of B are propositions, so two
points of B with the same sequence are equal, and we denote a point of
By by its sequence. The type By is a singleton, its only point being the
constantly 0 sequence, and so By ~ 1.

It remains to construct an equivalence By1q ~ D Bj. In one direction,
we define a map f : Bxy1 — D Bg. Let 8 : Byy1, and let u be the binary
sequence with u; = 1if 8¢ = k+1 and u; = 0 otherwise. It is decreasing, and
hence a point of Ny, because if u;+1 = 1 then k+1 = S (i+1) < 81 < k+1,
so that u; = 1. Now let (n,p) witness the finiteness of u, so that p identifies
n with u. Then u, = 0, because n has digit 0 at n (Example 3.1), so
Bn # k+1, and hence fn < k. The sequence i — (3 (n+i) is decreasing and
bounded by k, because [ is decreasing, so that 5 (n+i) < fn < k. This
defines a function 7 from the finiteness of u to By, and we set f 5 = (u, ).

In the other direction, we define a map g : D By — Byy1. Let (u,7) :
D By. When u; = 0, the point w is finite (Example 3.1), with a witness ¢
identifying m with u for some m, and m < i, because m has digit 1 at every
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index below m. Define a sequence 8 by

pi = : .
m(i—m) if u; =0.

It is bounded by k41, because 7 ¢ is bounded by k. It is decreasing, by cases
on the digits u;4+1 and wu;. If u;o1 = 1 then u; = 1, because u is decreasing,
and § (i+1) = k+1 = Gi. If u;41 = 0 and u; = 1 then S (i+1) < k < Bi. If
uj+1 = u; = 0 then the witnesses of finiteness used at ¢ and at i+1 are equal,
the finiteness of u being a proposition, and so S (i+1) = m¢ (i+1—m) <
m (i—m) = [, because 7 ¢ is decreasing. We set g (u,7) = 3.

The composite g o f is the identity. Let f 8 = (u,m) and 8 = g (u,w). If
u; = 1 then 8’4 = k+1 = 4, by the definition of u. If u; = 0 then, with ¢
and m as in the definition of g, 8'i = 7 ¢ (i—m) = 8 (m + (i—m)) = B4, by
the definition of .

The composite f o g is the identity as well. Let § = g(u,m) and ff =
(o', 7). If u; = 1 then i = k+1, and if u; = 0 then Si < k, so that u} = v,
in both cases. A point of Ny, is determined by its digits (Example 3.1),
and so v/ = w. It remains to show that the transport of «’ along this
identification is w. Let (n,p) witness the finiteness of u. At (n,p), the
transported function takes the value of 7’ at a witness of the finiteness of «’
with the same number n, which is the point of By, with sequence i — S (n+1i),
by the definition of f. Since u = n, we have u,4; = 0, and the witness used
in the definition of 5 (n+i) is (n, p), the finiteness of u being a proposition, so
that 5 (n+i) = m (n,p) i for every 4, and the two functions agree at (n,p). O

5. EQUIPPING COMPACT TYPES WITH WELL-ORDERS

The compact types we construct in this paper all come equipped with
well-orders, in the sense of [44, Section 10.3|, because the operations used to
build them, discussed in the previous section, preserve well-orders.

5.1. Ordinals in type theory. Let < be a binary relation on a type X. We
say that an element x : X is accessible whenever every y < x is accessible. In
particular, if an element has no predecessors, then it is vacuously accessible.
This is an inductive definition with a constructor of type

[L.x (I1,.x(y < * = y is accessible)) — z is accessible,

which we leave unnamed. We say that the relation < is well-founded if every
element is accessible.

Lemma 5.1. A binary relation < on a type X is well-founded if and only
if the principle of transfinite induction holds: for every family P : X — U,

(Hx:X(Hy;Xy< z— Py) = Pz) = [[,.x Pz.

Proof. The accessibility elimination rule turns a step

(Hy:X(y< z— Py)) = Pz
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into a witness of P x for every accessible z, so accessibility of every element
gives transfinite induction for every family P : X — U. Conversely, the
constructor of the accessibility predicate is a step for the family P that
sends x to the type expressing that x is accessible, so transfinite induction
applied to this family gives accessibility of every element. O

We say that the relation < is extensional if any two elements with the same
predecessors are equal: (u < x> u <y for all u) — x =y. An ordinal is a
type X equipped with a proposition valued binary relation < : X — X — U
which is transitive, well-founded and extensional. Such a relation is called
a well-order on X. We write Ordy, for the type of ordinals with underlying
type in U. The HoTT Book additionally requires the type X to be a set,
but this is automatic:

Lemma 5.2. Any type equipped with a proposition valued extensional rela-
tion is a set.

Proof. Let < be a proposition valued extensional relation on a type X. Con-
sider the derived relation z < y := [[.(2 < © — 2z < y), that every prede-
cessor of z is a predecessor of y. It is reflexive, and it is proposition valued
because < is. Extensionality of < says exactly that it is antisymmetric, since
r < y and y <X x together say that x and y have the same predecessors. Now
a type carrying a reflexive, antisymmetric, proposition valued relation is a
set, since the relation lets us define, from an identification = = y, a weakly
constant endofunction of x = y: transport the reflexivity of < along the
identification to get * < y and y < x, and apply antisymmetry, the con-
stancy coming from =< being proposition valued. So Hedberg’s Theorem 2.5
applies. ([

Examples 5.3.

(1) The type of natural numbers under its natural order is well-ordered,
giving rise to an ordinal written w.

(2) Any proposition ordered by the relation with empty graph is an or-
dinal, and in particular we get ordinals 0 and 1.

(3) The two-element type 2 ordered by 0 < 1 is an ordinal.

(4) The type Q of propositions is an ordinal under the order p < ¢ when
p=_landqg=T.

Notation 5.4. An ordinal is written with the symbol of its underlying type,
so that x : « is a point of the underlying type of the ordinal o, a map o« — (8
is a map between the underlying types, and a notion such as compactness is
a notion about the underlying type. This is the same convention by which
a group is identified by its carrier. The order of an ordinal is written <,
the same symbol for every ordinal, with a subscript naming the ordinal only
when several orders occur together, as in the definitions of the arithmetic
operations below. The subscript on Ord, and on the variants of it introduced
later, names the universe of the underlying types, as it does on {J, and is
left out where the context determines it.
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By univalence, the type Ord is itself an ordinal in the next universe, under
the relation
0 <B = Spga=BLb,
where (| b is the initial segment (lower set, or downward closure) of 5 at b,
which is again an ordinal, with the points of 5 below b as its underlying type
and the order inherited from fS:

Blb = ¥,y <pgh, (y,1) < (z,m) = y <3 2.
In particular, being well-ordered, Ord is a set by Lemma 5.2. Passing to

initial segments preserves the order, in the sense that y <g v’ implies §ly <
B1y'. We also use the initial-segment embedding order

a< B = Yi.asp fis asimulation of a into 3,

where a simulation of a into 8 is a map f : a — [ that is order-preserving
and initial-segment-preserving, the latter meaning that every point of 3 be-
low f x is the image of a point of a below x:

r<qy— fr<gfy and 2<g fo— Epa @ <qx)x(fa=2).

The two conditions together say that f maps the initial segment of x onto
the initial segment of fx. Moreover, a < § implies a < 8, while a < § < 7y
implies o < y. There is at most one simulation of « into 5, so that oo < 3 is
a proposition. Two ordinals «, 3 are order equivalent, written o ~, 5, when
there is an order-preserving equivalence « >~ 8 with order-preserving inverse.
This relation is a proposition, as there is at most one such equivalence.

Lemma 5.5. If f : a — § is a surjective simulation, then f is an equivalence
with order-preserving inverse.

Proof. A simulation is left cancellable, which is proved by transfinite induc-
tion on the two points (Lemma 5.1). Let fo = f2’ and v < z. Order
preservation gives fu < f2’, and initial-segment preservation gives v < z’
with fv = fu, so u = v < 2’ by the induction hypothesis. Symmetrically,
every point below 2’ is below x, and extensionality identifies x with 2’. The
underlying type of an ordinal is a set by Lemma 5.2, and a left-cancellable
map into a set is an embedding (Definition 2.10), so the fibers of f are propo-
sitions. Surjectivity makes them inhabited (Definition 2.9), and an inhabited
proposition is a singleton, so f is an equivalence (Definition 2.8).

The map f is also order-reflecting. If fx < fy, then fax lies in the
initial segment of fy, which initial-segment preservation identifies with the
image of the initial segment of y, so fx = fa’ for some 2/ < y, and left
cancellability gives # = 2’/ < y. The inverse of an order-preserving order-
reflecting equivalence is order-preserving. U

5.2. Trichotomy.

Definition 5.6 (Trichotomy). An ordinal « is trichotomous if for all z,y : «
we have ¢ < y or x = y or x > y. We write Ordj for the type of trichotomous
ordinals in a universe left implicit.
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Remark 5.7. Asking that every discrete ordinal be trichotomous is equiv-
alent to excluded middle.

Proof. Excluded middle decides x < y for all z,y : «, and a well-order
whose order is decidable is trichotomous, by transfinite induction on both
points. If neither x < y nor y < z, the induction hypotheses show that every
predecessor of either point is a predecessor of the other, and extensionality
gives x = y.

Conversely, let P be a proposition with —-—P, and order the two-element
type by

0<1 := P 0<0:=1<0:==1<1:=0.

This order is proposition valued, transitive and well-founded with no as-
sumption on P, and ——P makes it extensional, so it is an ordinal, whose
underlying type 2 is discrete. Trichotomy at 0 and 1 then gives P, since
0 =1 is false and 1 < 0 is empty. This is double negation elimination, and
hence excluded middle. ([

Trichotomous ordinals are nevertheless abundant without excluded mid-
dle, and Section 6.2 interprets every Brouwer code as a trichotomous ordinal
under an interpretation that dominates the standard one.

Lemma 5.8. Trichotomy implies discreteness.

Proof. Given z and y, the two order cases of trichotomy decide x # 1y,
because a well-founded relation is irreflexive, and the middle case decides
T =Y. ([

5.3. Ordinal arithmetic.

Definition 5.9 (Ordinal addition). The sum « + 8 has as underlying type
the binary sum of those of a and [, ordered so that every element of «
precedes every element of 3:

inlz < inlz’ =2 <, 2, inlz < inry’ :=1,
inry < inry’ ==y <z v/, inry < inlz’ := 0.

Lemma 5.10. The order of Definition 5.9 is a well-order, so that a4+ [ is
an ordinal.

Proof. 1t is proposition valued because its four cases are, two of them by
hypothesis and the other two being 1 and 0.

For transitivity, suppose z < y < z. If z lies in the left summand, then
so do z and y, no point of the left summand being preceded by a point of
the right, and transitivity is inherited from «. If z lies in the right summand
and x in the left, then x < z holds by definition. If z and z both lie in the
right summand, then so does y, no point of the right summand preceding a
point of the left, and transitivity is inherited from f.

For well-foundedness, each inl z is accessible by induction on the accessi-
bility of x, its predecessors being the inlz’ with 2/ < z. Each inry is then
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accessible by induction on the accessibility of y, its predecessors being all
the inlz, accessible as shown above, together with the inry’ with ¢’ < y.
For extensionality, let two points have the same predecessors. They cannot
be one from each summand, for inl x precedes every inr y, so that inl x would
precede itself, which well-foundedness forbids. If both are of the form inl,
all of their predecessors are, and the extensionality of o applies, and if both
are of the form inr, their predecessors in the right summand agree and the
extensionality of 8 applies. O

Definition 5.11 (Lexicographic order on arbitrary sums). For 7 : Ord and
a family v : 7 — Ord, the lexicographic order on ¥;.; vx has the index as
the more significant coordinate:

(z,0) < (2,d) = (x <; @) + B, 4= (transport’ra <, ).
We write 3;v for the type X,.r v equipped with this order.

Lemma 5.12. The lexicographic order is proposition valued, transitive and
well-founded. It is moreover extensional when the family is constant.

Proof. 1t is proposition valued because each of its two cases is, the second
because 7 is a set, so that 7 is unique, and the fiber orders are proposition
valued. The two cases exclude each other, because x < z’ together with
x = 2’ would make x precede itself. A binary sum of two propositions that
exclude each other is a proposition.

For transitivity, if either of two consecutive steps moves the index then
so does their composite, by the transitivity of < after transporting, and if
neither does, the three indices agree and the fiber order is transitive.

For well-foundedness, we show that (z,a) is accessible by induction on the
accessibility of z and then on that of a. Its predecessors are the (z/,a’) with
x' < z, accessible by the induction hypothesis on z, and the (z,a’) with
a’ < a, accessible by the induction hypothesis on a.

Now let the family be constant, say v = « for every z, and let (z,a) and
(2',a’) have the same predecessors. Given u < x we have (u,a) < (z,a), so
(u,a) < (2/,a’), which gives either u < 2z, as wanted, or u = 2’ together
with @ < o/. In the second case 2’ < z, so (2/,a’) < (z,a) and hence
(2',ad") < (2/,d’), which well-foundedness forbids. By symmetry x and '
have the same predecessors, so x = z’ by the extensionality of 7, and we may
assume z = z’. Then for b < a we have (z,b) < (z,a), hence (z,b) < (z,d’),
which gives b < @/, since x < x is impossible, and by symmetry and the
extensionality of the fiber, we get a = a’. O

Definition 5.13 (Ordinal multiplication). Ordinal multiplication « x 3 is
the lexicographic order of Definition 5.11 in the case of a constant family:
the sum over 8 of the family constantly «a, so that 3 is the more significant
coordinate. The operands are thus written in the opposite order from their
sum, « before 3, as in the classical definition. It is an ordinal by Lemma 5.12.
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Lemma 5.14 (Maps of lexicographic sums). For 7,7’ : Ord with families
v:T— Ord and v' : 7 — Ord, a map f : 7 — 7 and maps gz : v —
o' (fx), the map X(f,g) : Xrv — X0 of Definition 2.28 is

(1) order-preserving if f is and every gx is,
(2) order-reflecting if f is and every gx is and f is in addition an em-
bedding.

Proof. A comparison in the lexicographic order of Definition 5.11 is of one
of two kinds, a comparison of the indices, or an identification of the indices
together with a comparison in the fiber.

(1) A comparison of the first kind is preserved by f. One of the second
kind is preserved by gz, after transporting the fiber component along the
image under f of the identification of the indices.

(2) A comparison of the images of the first kind is reflected by f. One
of the second kind comes with an identification fx = fy of the images of
the indices, and f, being an embedding, is left cancellable, which identifies
x with y. The underlying type of an ordinal is a set (Lemma 5.2), so the
given identification is the image of that one, and the two transports agree.
The comparison in the fiber is then reflected by g x. O

Remark 5.15. For arbitrary 7 : Ord and v : 7 — Ord, the lexicographic
order on X,.,vx fails constructively to be extensional, in that excluded
middle follows if all such orders are extensional.

Proof. Take 7 to be the ordinal 2 and v to be the family that sends a
truth value p to the proposition p # 1. Every proposition is an ordinal in
exactly one way, under the empty order, so this is a family of ordinals. No
comparison in a fiber is possible, the fibers carrying the empty order, so the
lexicographic sum is the subtype

X = Ypop# L

of Q) with the restricted order. No element of X has a predecessor in X, since
a predecessor would have to be L, which X excludes. So the hypothesis of
extensionality is vacuous, and extensionality of X says that X is a proposi-
tion. Let P be a proposition with -—P. Both P and ——P are elements of
X, so they are equal, and P follows. This is double negation elimination,
and hence excluded middle. This counterexample is due to Mike Shulman
(personal communication). O

One sufficient condition for the lexicographic order to be extensional is
that the family be constant, as we have seen above. Two further sufficient
conditions are that the index ordinal be trichotomous, and that the sum-
mands have top elements.

Lemma 5.16. If 7 is trichotomous and v is a T-indexed family of ordinals,
then the lexicographic order is extensional, so that X.v is an ordinal.
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Proof. By Lemma 5.12, only extensionality is left to prove. Trichotomy
makes the order of 7 cotransitive, in the sense that x < y implies, for any z,
that z < z or z < y. Indeed, compare z with y. In the case z < y there
is nothing to do, in the case z = y we have x < z, and in the case y < z
transitivity gives = < z.

Now let (a,b) and (z,y) have the same predecessors. Given u < a, co-
transitivity applied to the point x gives u < x or z < a. In the second
case (z,y) < (a,b), so that (z,y) < (x,y), which the well-foundedness of
the lexicographic order forbids. So every predecessor of a is one of x, and
by symmetry the two have the same predecessors, which gives a = = by the
extensionality of 7.

So we may take a to be x. For v < b we have (z,v) < (z,b) and hence
(z,v) < (x,y), which gives v < y, the alternative < z being impossible.
By symmetry and the extensionality of v x, we get b = y. ([

Definition 5.17 (Topped ordinals). A top of an ordinal « is a point that
no element exceeds, and Ord " is the type of ordinals equipped with a top:

Ord" := Sa:0rd Stea [Ty — (E < 9)-

A largest element is a top, because the order is well-founded and hence
irreflexive, but not conversely: in the ordinal {2 no element exceeds a truth
value P with == P, since such a P differs from |, whereas T is the largest
element. This shows that having a top element is in general data rather than
property. Classically, the topped ordinals are precisely the successor ordinals
(ordinals of the form a + 1).

Example 5.18. The type N, of Example 3.1 is an ordinal under its natural
order, in which u precedes v when u is a finite point n whose index is below v
in the sense of Example 3.1:

u<v = Yy ((u=n) x (nCv)).

It is topped by its largest element oo, and we write Ny, for it, as an ordinal
or as a topped one according to the context.

Proof. The predecessors of a point v are exactly the finite points n with
n C v. One direction is the definition, which asks a predecessor to be
finite, and for the other, the comparison n < v holds whenever n C wv.
Moreover, the index n in the definition is determined by u, because (—) is
left cancellable. e

The order is proposition valued, being a sum over n of a product of two
equations in the sets Ny, and 2, with the index n determined as observed
above.

For transitivity, let © < v and v < w, say u = m withm Cvand v =n
with n C w. From m C n we get m < n, and w is decreasing, so that n C w
gives m C w. This says that u < w.

For well-foundedness, each finite point n is accessible by course-of-values
induction on n. Its predecessors are the m with m C n, that is, with m < n,
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and these are accessible by the induction hypothesis. Any point v is then
accessible, its predecessors being finite points.

For extensionality, let u and v have the same predecessors. By the first
paragraph this says that n C w if and only if n C v for every n, and two
binary digits that are 1 in the same cases are equal, so u and v have the same
digits. Being decreasing is a proposition, so a point of N, is determined by
its digits, and u = v.

Finally, the point oo is a top, because co < v would make co a finite
point n, and oo is not finite, having n C oo for every n whereas n C n.
It is moreover the largest element, since every predecessor n of a point has
n C oo, and so is a predecessor of co. [l

Constructively, Ny, is topped by oo but fails to be a successor ordinal,
because the top of a successor ordinal « + 1 is isolated, whereas oo fails to
be isolated constructively (Examples 3.3(5)).

The operations on topped ordinals and on trichotomous ordinals (Defini-
tion 5.6) are written like those on plain ordinals. Addition and multiplication
of ordinals restrict to topped ordinals, and the ordinal-indexed sum ;v of
a topped-ordinal-indexed family of topped ordinals is again topped. For
topped ordinals we take 74 v to be the ordinal-indexed sum over the topped
ordinal 2 of the family with members 7 and v, whose underlying type is
Yi:1+1 of these, and which is order equivalent to 7+ v. They restrict to tri-
chotomous ordinals as well, where the sum of a trichotomous-ordinal-indexed
family of trichotomous ordinals is an ordinal by Lemma 5.16 and is again
trichotomous.

Lemma 5.19. If v is a T-indexed family of topped ordinals, then the lexi-
cographic order is extensional, so that ;v is an ordinal. If moreover T is
topped, then so is Y v.

Proof. By Lemma 5.12, only extensionality is left to prove. Write t,, for the
top of vu, and let (a,b) and (z,y) have the same predecessors. Given u < a,
we have (u,t,) < (a,b) and hence (u,t,) < (z,y), which gives u < x or
u = x together with a comparison exceeding t,, in the fiber, and the latter is
impossible. So every predecessor of a is one of z, and by symmetry the two
have the same predecessors, which gives a = x by the extensionality of 7.
The fiber components are then identified as in the proof of Lemma 5.16,
which for that step uses only the irreflexivity of the two orders.

We take the top of the sum to be the pair of the top t of 7 with the top
of vt. A point exceeding it would either exceed t in 7 or exceed the top of
vt in that fiber, and neither is possible. U

5.4. Extended sums. The extended sum of Section 4.7 becomes a construc-
tion on ordinals once the extension of a family carries an order, which we
use to interpret the ordinal notations of Sections 6 and 7. For the following,
recall the Il-extension operation on families given in Definition 4.31.
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Lemma 5.20. Let j : X — K be an embedding and o : X — Ord a family
of ordinals. For any k : K, give the type («/ j) k the relation

U<V = 1) UP <a(pryp) VP
This is a well-order, so we obtain the extension o / j : K — Ord.

Proof. Since j is an embedding, the fiber j71(k) is a proposition, so (a /7) k
is a product indexed by a proposition, and < is the order that such a product
carries, asking the component order to hold at some point of the fiber. For
each p : j71(k), evaluation at p is an equivalence from the product to the
component « (pr;p), whose inverse sends a point of the component to the
section transporting it along the identifications of the fiber.

The order is proposition valued, being a sum over a proposition of propo-
sition valued components.

For extensionality, suppose that u and v have the same predecessors, and
let p : j77'(k). A predecessor = of up determines a section, which is a
predecessor of u in the product, witnessed at p. By the hypothesis it is a
predecessor of v, witnessed at some point of the fiber, which is p because
the fiber is a proposition, so x is a predecessor of vp. Symmetrically, up
and v p have the same predecessors, and the extensionality of « (pryp) gives
up = wvp. Since p was arbitrary, u = v.

For transitivity, two consecutive comparisons come with points of the fiber,
which are equal because the fiber is a proposition, so that the transitivity of
the component order at that point applies.

For well-foundedness, a point u of the product is accessible as soon as
every v < u is. A witness of v < u supplies a point p of 71 (k) together with
vp < up, and up is accessible because the order of a (pryp) is well-founded,
so that vp is accessible as one of its predecessors. Accessibility transfers
from the component back to the product along evaluation at p, because a
predecessor in the product of the section determined by a point x of the
component has its value at p below z. [l

Lemma 5.21. If every oz is topped, then so is every (o / j)k, so the
construction extends families of topped ordinals.

Proof. Suppose each ax has a top element t,. Then p +— t,, is a top
element of <, since, if it were below some 1, we would have a point p : j~1(k)
with ¢ p < 9 p, contradicting the topness of tp; p. ([l

Lemma 5.22. The construction restricts back to o along j, giving
(a/j)z) ~oax
for every x : X, as illustrated in the diagram below.
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Proof. For k = j x the fiber j71(j x) is a singleton, being an inhabited propo-
sition, so evaluation at its center (z,refl) is an equivalence (o /j)(jz) — ax
by Lemma 4.32(1). It is order-preserving, because a comparison u < v is
witnessed at some point of the fiber, and that point is the center, the fiber
being a proposition, so that the comparison holds at the center. It is order-
reflecting, because a comparison at the center is by definition a witness of
u < v. The inverse of an order-preserving order-reflecting equivalence is
order-preserving, so this is an order equivalence. (Il

Under univalence, Lemma 5.22 and, for total separatedness, Lemma 4.35
show that the type of ordinals and the type of totally separated ordinals are
both algebraically injective in the sense of [20|, as univalence turns order
equivalences into identifications.

Definition 5.23 (Countable extended sum and successor sum). Let v : N —
Ord" be a family of topped ordinals.

(1) The extended sum of v is the extension of v along the embedding
t: N — Ny, summed over the ordinal N.:

Yo = By (v/0).

(2) The successor sum of v is the extension of v along the left inclusion
inl : N — N+ 1, summed over the successor w+ 1, taken as a topped
ordinal with the added point as top:

Yiv = Y (U / inl).

Both are topped ordinals, by Lemma 5.21 and Lemma 5.19, the index
ordinals Ny, and w + 1 being topped.

Lemma 5.24. Let v: N — Ord .

(1) The successor sum is order equivalent to the successor of the count-
able sum:

Yiv (Zw U) + 1.

(2) If vn is a retract of N for every n, then so is ¥1v, and if vn is
discrete for every n, then so is qv.

Proof. The sum is taken over N+ 1, so its fibers are the extension of v along
inl. Since inl is an embedding, that extension gives v n back at inln, up to
order equivalence (Lemma 5.22). At inrx the fiber of inl is empty, no natural
number having inln = inr , so the extension is the one-point ordinal there
(Lemma 4.32(2)). Write v/ for the family on N + 1 so described. Taking
underlying types, that of ;v is the binary sum (EH:N v n) + 1, whose top is
the one supplied by Lemma 5.19, namely the pair of the top inrx of w + 1
with the point of its fiber.

(1) Order equivalent families have order equivalent sums, by Lemma 2.29(1)
and Lemma 5.14 with the identity on the index, so ¥ v is order equivalent to
Ywt+1 V. The map sending (inln,x) to inl (n,x) and (inr*,) to inrx is an
equivalence from the underlying type of that sum to that of (Ew U) +1, with
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the evident inverse. The map and its inverse are order-preserving, as we see
by comparing the lexicographic order of the sum with the order of the addi-
tion on each of the two summands. Composing the two order equivalences
gives the desired equivalence.

(2) By the description of the underlying type above, it is enough to treat
(En;an) + 1. If each vn is a retract of N, then X,.yvn is a retract of
N x N and hence of N, by a pairing function, so that its binary sum with 1
is a retract of N + 1, which is again a retract of N. If each vn is discrete,
then so is ¥,,.5 v n, discreteness being closed under ¥ over the discrete index
N (Proposition 3.6(3)), and so is its binary sum with 1, discreteness being
closed under + (Proposition 3.6(1)). O

Definition 5.25 (Comparison map). We now define a comparison map
Cy @ 2V — Yo

where v : N — Ord". We first need some preparation. The underlying type
of $1vis X, .41 (v/inl) z and that of $lv is 3y, n. (v/¢) u. By Lemma 5.20
the two fibers are the products

(U / lnl) z= H(n,'r):inl_l(z) vn, (U / [’) U= H(”:‘I):Lfl(u) vn.

Write ¢1 : N+ 1 — N, for the map that sends inln to n and the added
point to 0o, so that ¢; oinl = ¢. The map ¢; is left cancellable: if ¢; (inlm) =
t1 (inln) then m = n and so m = n. If 1 takes the same value at a finite point
and at the added point, in either order, then n = oo, which is impossible.
And if both are the added point, they are already equal, 1 having a single
point. Hence each z : N 4 1 gives the map ¢, : ¢~ (11 2) — inl~*(z) defined
by
SOZ (n7Q) = (n,rq),

where r, : inln = 2z is obtained by cancelling ¢; in ¢, which has type
t1 (inln) = 11 z because ¢1 o inl = 1. Since ¢, keeps the first component,

precomposition with it gives the map e, : (v /inl)z — (v / ¢) (41 2) defined
by

ez (n,q) =¥ (¢ (n,q)).

With this notation, we define the comparison map ¢, : $1v — Lo to be the
map of sums of Definition 2.28 induced by ¢; and the family e,

o = X(u,e),
which amounts to ¢, (z,v) = (11 2, e ).

This comparison map is the countable-sum case of the comparison between
the discrete and the compact interpretation of Brouwer ordinal codes, which
is the subject of Section 6.4.

Lemma 5.26. The comparison map ¢, is an extremely dense embedding and
both order-preserving and order-reflecting.
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Proof. The map ¢1 is an embedding and is extremely dense (Examples 3.3(6)).
Each e, is an equivalence, being precomposition with the equivalence ¢,.
That ¢, is an equivalence holds because the two fibers are propositions, inl
and ¢ being embeddings, and because @, has a converse, sending (n,r) to
(n,q) with g obtained by applying ¢ to r. An equivalence is in particular an
embedding and extremely dense, so that Lemma 2.29(2,3), applied to ¢; on
the indices and to the maps e, on the fibers, makes ¢, an extremely dense
embedding.

Each e, is moreover order-preserving and order-reflecting. A comparison
in either of the two products is a point of the fiber indexing it together with
a comparison of the values there, and ¢, and its converse map such data in
each product to such data in the other. The map ¢; is order-preserving and
order-reflecting from w + 1 to Ny. Among the finite points, m < n says
that m C n, which holds exactly when m < n. A finite point precedes the
added point of w+ 1, and n < oo because n C oo. And oo precedes nothing,
since oo < v would make oo finite. So Lemma 5.14 applies, its embedding
hypothesis for (2) being again that ¢; is an embedding. O

5.5. Extended suprema. Every family of ordinals indexed by a small type
has a least upper bound, assuming set quotients, or, equivalently, set replace-
ment (Definition 2.15).

Theorem 5.27. Let I : U and o : I — Ord, and consider the map
o:Y.rai— Ord, o(i,x) =ailx,
which sends a point of a member of the family to its initial segment in Ord.

(1) The image of the map o is an ordinal, written sup «, under the in-
herited order

(B,w) < (B,w') = p<p.
(2) The map ¥;.; i — sup « sending (i,z) to the image of x is a sur-
jection.
(3) sup « is the least upper bound of the family c.

The proofs of these clauses are in [9]. Set replacement makes the image
of the map o equivalent to a type in our base universe, although Ord is a
type in the next universe. Whether suprema of families of ordinals exist
constructively was left open by Kraus, Nordvall Forsberg and Xu [36], who
established the least upper bound property for weakly increasing families
indexed by N. Tom de Jong answered it with a construction by set quotients,
extending and formalizing the one of [44, Lemma 10.3.22|, which is claimed
there only to be an upper bound, and the author of this paper simultaneously
answered it with the above construction. Both are formalized by de Jong
and are presented in his thesis [9].

Corollary 5.28. If I is compact pointed and « i is compact pointed for every
i: 1, then sup « is compact pointed.
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Proof. The type ¥;.; aci is compact pointed by Corollary 4.10(2), and sup « is
a surjective image of it by Theorem 5.27(2), so Corollary 4.10(3) applies. O

Theorem 5.29 (Compactness of extended suprema). For any embedding
j: X — K into a compact pointed type and any family o : X — Ord of
compact pointed ordinals, the supremum of the extended family o/ j is itself
compact pointed.

Proof. By Corollary 5.28 applied to the family a//j over the compact pointed
index K, it suffices to show that («a / j)k is compact pointed for every
k : K. By Lemma 5.20 this is the product of the types ax over the
index type j~!(k), all of which are compact pointed by hypothesis, and
j~1(k) is a proposition precisely because j is an embedding. So the micro-
Tychonoff Theorem 4.27 applies. O

For use in Section 6, we introduce notation for the special case of the
embedding ¢ : N — N,.

Definition 5.30 (Countable extended supremum). For a family o : N —
Ord of ordinals, the extended supremum is

sup! a := sup (a / L),
the supremum of the extension of o along the embedding ¢ : N < N,. The

superscript has the same meaning as in the extended sum, that the index
type is Ny, rather than N 4 1.

6. COMPACT TOTALLY SEPARATED ORDINALS FROM BROUWER CODES

In the remainder of this paper we give two notation systems, each with
several interpretations of the notations as ordinals. The first occupies this
section and takes a traditional system, the Brouwer ordinal codes, whose
interpretation [—]x1 is compact and totally separated and classically domi-
nates the standard interpretation [—]sup, whose compactness fails construc-
tively. The subscript on an interpretation names the operation interpreting
the limit constructor, a sum or a supremum, and a superscript 1 indicates
that the family is first extended along the embedding N < N, as in the ex-
tended sum of Definition 5.23 and the extended supremum of Definition 5.30.

We give five interpretations to Brouwer codes, obtaining different combina-
tions of compactness, total separatedness, trichotomy and discreteness. The
last of the five is the discrete interpretation of Section 6.4. It assigns to each
code b a discrete ordinal [b]y;, , and the same code b denotes a compact totally
separated ordinal [b]s:. There is an extremely dense order-embedding of the
discrete ordinal into the compact totally separated one, which classically is
an equivalence but fails to be one constructively.

Definition 6.1 (Brouwer codes). The type B of Brouwer ordinal codes
(countably branching trees) is inductively generated by the constructors

Z:B, S:B— B, L:(N— B)—B.
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6.1. The standard interpretation.

Definition 6.2. We define an interpretation function
[—lsup : B — Ord (standard interpretation)

by interpreting the constructors as indicated in the following table:

VA S L

[[_]]sup 0|(—)+1]|sup

Here sup is the supremum of an N-indexed family of ordinals (Theorem 5.27).

The standard interpretation does not produce compact ordinals or tri-
chotomous ordinals constructively, which motivates the alternative interpre-
tations given in Section 6.2.

Proposition 6.3. If the standard interpretation [blsup is compact for every
Brouwer code b, then LPO holds.

Proof. The code L(n + S™Z) is interpreted as the supremum of the finite
ordinals, which is w, and the compactness of its underlying type N is LPO
(Examples 4.5(2)). O

Proposition 6.4. If the standard interpretation [blsup is trichotomous for
every Brouwer code b, then LPO holds.

Proof. Tt suffices to decide, for an arbitrary u : Ny, whether u is finite,
because deciding finiteness for every conatural number is equivalent to LPO.
So fix u : Noo. By Example 3.1, the point w is finite precisely when u C ¢ for
some %.

The codes. Put

= S(if u; = 0 then SZ else Z),
h0=S5(S2),
h1l=5(Lyg),
h(n+2) =27,

the last clause being arbitrary. Write ai = [gi]sup and 8 = [Lh]sup =
sup;[h i]sup. Unfolding Definition 6.2 and using that 0 is left neutral for +,

ol =
1 ifu =1,
[h0]sup = 2,
[A1]sup = (sup i) + 1.
(2
The code we associate to u is L h, and the hypothesis makes § trichotomous.

Two elements of B. We have 1 < 2, and [h 0]sup < S by Theorem 5.27(3),
so 1 < . Also sup; ai < (sup; i) + 1 = [h1]sup < B, an ordinal being an
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element of its own successor, so sup, ¢ < 3. Let yo,y1 : B be the witnesses
of these two facts, so that

Blyo=1, Biy1zsqpai.
1

Three lemmas. First, the supremum sup, o has a point: each a4, being
of the form ~+ 1, has the point contributed by the 1 summand, and the map
i — sup; ad carries it to a point of the supremum. Hence the inequality
sup; a¢ < 1 is impossible, because an initial segment of 1 is 0, which would
make sup; o ¢ empty.

Second, if w is finite then 1 < sup, ai. To see this, say u = n, so that
un = 0 and hence an =2. Now 1 < 2 = an < sup, ai.

Third, conversely, the inequality 1 < sup; a¢ implies that u is finite. Be-
ing finite is a proposition, so we may use the joint surjectivity of the maps
ai — sup; i, which is the surjectivity of the map out of the sum (Theo-
rem 5.27(2)). The element of sup; ai whose initial segment is 1 therefore
comes from some x : « i, and these maps are simulations (Theorem 5.27(3)),
hence preserve initial segments, so that 1 = a4 | z, that is, 1 < «i. Decide
the value of u;. If u; = 0 then u is bounded by ¢, hence finite. If u; = 1 then
ai =1, giving 1 < 1, which is impossible since < is irreflexive.

Deciding finiteness. Apply trichotomy of 3 to yg and y;. Since passing to
initial segments preserves the order, the three cases for trichotomy are:

(1) yo < yi: then 1 < sup; a4, so u is finite by the third lemma.
(2) yo = y1: then 1 = sup; @i. So w is not finite, for were it finite, the
second lemma would give 1 < 1.
(3) y1 < yo: then sup; @i < 1, which the first lemma rules out, so this
case does not arise.
U

Remark 6.5. The proof uses the hypothesis of trichotomy only at the single
pair yo, y1 of the single ordinal 8, and  is built from u by a fixed construc-
tion. So the statement can be sharpened to give a function assigning to
each conatural number a Brouwer code such that trichotomy of the standard
interpretation of the code decides the finiteness of the conatural number.

6.2. Three non-standard interpretations. We now give three further
interpretations of Brouwer codes, each obtaining a different combination of
compactness, total separatedness and trichotomy, and all of them dominating
the standard interpretation classically (Theorem 6.16).

Definition 6.6 (Three non-standard interpretations). We define three in-
terpretation functions

[-lx : B—Ords (trichotomous interpretation)
[-]s: : B— Ord" (compact totally separated interpretation)
[Jsupr : B —Ord (compact interpretation)

by interpreting the constructors as indicated in the following table:
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YA S
[-]z [0 (=)+1| X
[l |1 () +1] =
[Joupr | 1] (=) +1 | sup!

Here ¥ is the lexicographic sum over w (Definition 5.11), which is an ordinal
by Lemma 5.16, the index w being trichotomous, X! is the extended sum
(Definition 5.23(1)), and sup' is the extended supremum (Definition 5.30).

In the compact totally separated and the compact interpretation we de-
liberately map Z to 1 rather than 0, so that every denoted ordinal is pointed
and hence the micro-Tychonoff Theorem 4.27 is applicable to get the com-
pactness of the ordinals in their images.

Theorem 6.7. For every Brouwer code b,

(1) the ordinal [b]s is trichotomous,

(2) the underlying type of [b]s is compact and totally separated,
(3) the underlying type of [b]s: is a retract of 2V,

(4) the underlying type of [b]supr is compact.

Proof. All by induction on b, with compactness throughout in the pointed
sense.

(1) The interpretation lands in Ords by construction, each of its clauses
preserving trichotomy: O is trichotomous, so is the successor of a trichoto-
mous ordinal, and so is a sum over w of a family of trichotomous ordinals,
such a sum being an ordinal by Lemma 5.16.

(2) For compactness, the type 1 is compact pointed. The successor clause
is a sum over 1 + 1, so Corollary 4.10(2) applies. The limit clause is Theo-
rem 4.33. For total separatedness, the type 1 is totally separated. The suc-
cessor clause is a 2 whose index type 141 is discrete, and total separatedness
is closed under ¥ over a discrete index (Proposition 3.12(3)). For the limit
clause, apply Lemma 3.14: each fiber is totally separated by Lemma 4.35
and the induction hypothesis, and the fiber at oo is 1 by Lemma 4.32(2).

(3) We show by induction on b that [b]s;: is a retract of 2V. For Z, the
type 1 is a retract of any pointed type. For S, we use that 2N 42N is a retract
of 2V (split on the first digit and pass to the tail), and being a retract of 2 is
closed under +. For L, the induction hypothesis gives, for each 7 : N, a section
s; « [bi]sn — 2N with retraction p;. By Lemma 4.36, the extension along
N < Ny of the family ¢ — [bi]x1 is pointwise a retract of the extension of
the constant family at 2, and hence the extended sum [Lb]s1 is a retract
of the constant extended sum. By Lemma 4.37, the constant extended sum,
the type of delayed binary sequences, is equivalent to 2V, and in particular
a retract of it. Retracts compose, so [Lb]s:1 is a retract of 2.
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(4) The type 1 is compact pointed and the successor clause is a coproduct.
The limit clause is the one place where the argument differs from (2), because
[Lb]supr is a supremum rather than a sum, and it is Theorem 5.29. |

Being trichotomous, [b]s is discrete (Lemma 5.8). The compactness
in Theorem 6.7(2) does not follow from Theorem 6.7(3), the compactness
of 2N being independent of our type theory (Remark 4.12).

Remark 6.8. The total separatedness of [b]s1, proved directly in Theo-
rem 6.7(2), also follows from Theorem 6.7(3) without a further induction,
because 2V is totally separated (Examples 3.13(3)) and total separatedness
is closed under retracts (Proposition 3.12(1)). In the direct proof of total
separatedness, addition is a sum over the discrete index 1 + 1, and total
separatedness is closed under ¥ over a discrete index (Proposition 3.12(3)).
The index N, of the extended sum is not discrete, its discreteness being
WLPO (Examples 3.3(3)), but Lemma 3.14 applies, the fiber at oo being
1. Closure under ¥ fails in general (Examples 3.13(1)), and being a retract
of 2N is a stronger property that implies total separatedness and is closed
under the constructions used here.

Proposition 6.9. If [b]x is compact for every Brouwer code b, then LPO
holds.

Proof. Apply the hypothesis to the code L(\i.SZ), whose interpretation is
the sum over w of the constant family at O + 1, so that its underlying type
is X;n (0 + 1). The first projection makes N a retract of it, compactness is
closed under retracts (Theorem 4.8(4)), and the compactness of N is LPO
(Examples 4.5(2)). O

Unlike [~]s: (Theorem 6.7(2)), the compact interpretation [—[g,,1 fails
to give totally separated ordinals constructively:

Proposition 6.10. If [b],,: is totally separated for every Brouwer code b,
then ——WLPO holds.

This follows from the following counterexample, which does not mention
Brouwer codes and says that compact totally separated types fail to be closed
under suprema constructively.

Example 6.11. There are a type I and a family 8 : I — Ord such that
I is compact pointed and totally separated, 54 is compact pointed and to-

tally separated for every ¢ : I, and the total separatedness of sup 8 implies
-=WLPO.

We may take I = Ny, and for § the extension & along N — N, of the
constant family « : N — Ord with value 2. The proof, which requires a
number of lemmas, uses the following explicit description of this supremum:

§ = supa.
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By Definition 4.31, since N < N, is an embedding whose fiber over u is the
proposition that u is finite,

au = 24 is ﬁnite.
Its elements are partial elements of 2, with the finiteness of u as domain
of definition, and s is obtained from all such partial elements, for all u, by
identifying those with the same initial segment. We will show that s is order
equivalent to the following Sierpinski ordinal.

Definition 6.12 (A Sierpiniski ordinal). Call a proposition semidecidable if
it is equivalent to the finiteness of some conatural number,

FuNg (P ~ s ﬁnite),
which is a proposition. Let
S = Py, (P is semidecidable), t<st = =6t x 6t

where ¢ is the first projection, the domain of definition. Write Ls and Tg
for the elements given by 0 and 1, which are semidecidable via oo and 0
respectively.

Lemma 6.13. The relation <s is a well-order, so S is an ordinal, and two of
its elements are equal precisely when their domains of definition are logically
equivalent.

Proof. Being semidecidable is a proposition, so S is a subtype of €Y, and
hence two of its elements are equal exactly when their domains of definition
are logically equivalent. In particular S is a set. The relation <g is proposi-
tion valued, being a product of two propositions, and transitive, since t <g t’
and t' <g t” give =t from the first and §t” from the second. For exten-
sionality, suppose t and t’ have the same predecessors. If §t holds then
1s <s t, hence 1lg <g t’, whose second component is 6t/, and symmetri-
cally. So the domains of definition are logically equivalent, and ¢ = ¢'. For
well-foundedness, if ¢/ <g t' <g t then t” <g t' gives §t’ while ¢’ <g t gives
—6t’, a contradiction. So no predecessor of ¢ has a predecessor, hence every
predecessor of t is accessible, and therefore so is t. O

Lemma 6.14. There is an order equivalence s ~, S.

Proof. For each u : Ny let 0, : @u — s be the canonical map into the supre-

mum. These maps are simulations (Theorem 5.27(3)) and jointly surjective

(Theorem 5.27(2)), and they preserve initial segments, a simulation mapping

the initial segment of £ onto that of its value, so that s | 0, & = au ] &.
Send a partial element ¢ : 2% fivite t6 the proposition

FE = Ecp:u finite (690 = 1)a
that is, the proposition that £ is defined and takes the value 1. This is a
proposition, because the finiteness of u is a proposition and 2 is a set, and
it is semidecidable, because from & we build a decreasing binary sequence,
whose value at 7 is 1 before u is known to satisfy v C ¢, and is 1 minus the
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value of £ at the finiteness witness afterwards, hence a conatural number
whose finiteness is equivalent to F &. Writing F ¢ for the resulting element
of S, the map F is order-preserving, and it depends on & only through 6, &,
since F € is determined by the initial segment of £, which 6, preserves. Since
the maps 6,, are jointly surjective and S is a set, there is a unique 7: 5 — S
with 7 (0, &) = F&. It is order-preserving, by joint surjectivity and the cor-
responding property of F. It preserves initial segments, because an element
of S below 7y has empty domain of definition, so it is s, and we exhibit
a predecessor of y mapping to Lgs, namely the image under 6, of the con-
stantly 0 partial element, which is unique because T is left cancellable at Lg,
so that the required existence is a proposition and the joint surjectivity of
the 6, may be used to produce it. So 7 is a simulation. It is surjective, for
given (P, w) with w a witness of semidecidability, we may unpack w, because
being in the image is a truncated statement, to get u with P ~ (u finite),
and then the constantly 1 partial element of @ u is sent to (P, w). So 7 is an
order equivalence by Lemma 5.5. O

Lemma 6.15. If some p : S — 2 has pls # pTs, then WLPO holds.
Consequently, if S is totally separated then =——WLPO holds.

Proof. Every u : Ny gives an element of S, namely its own finiteness, which is
semidecidable by definition. Write @ for this element. Then n = Tg for every
natural number n, since a natural number is finite, and o0 = Lg, since oo is
not. So, given p as in the statement, the composite ¢ = (u — pa) : Nog — 2
takes the constant value p Ts on the natural numbers and the different value
pLs at co. Composing with the complement if necessary, a matter decided
by inspecting the two boolean values, we may assume that ¢ is constantly 0
on N and takes the value 1 at co. Such a map decides, for an arbitrary
U : Noo, whether u = oo, by inspecting the value q u, which if 0 gives u # oo
and if 1 makes u differ from every finite point, since a conatural number that
is not finite is co. That is WLPO in the formulation of Definition 2.25.

For the second claim, assume S is totally separated and, for the sake of
contradiction, that “WLPO holds. For any p : S — 2 we cannot have p 1§ #
p Ts, by the first part. Deciding the two values, we conclude p ls = p Ts.
As this holds for every p, total separatedness gives ls = Ts, which is a
contradiction. So =—=WLPO. (]

Proof of Example 6.11. Take I = Ny, and § = @. Then N, is compact
pointed (Examples 4.7(3)) and totally separated, being a retract of 2V (Ex-
ample 3.1), which is totally separated (Examples 3.13(3)), and total sepa-
ratedness is inherited by retracts (Proposition 3.12(1)). Each au is 2 finite,
which is compact pointed by the micro-Tychonoff Theorem 4.27, and to-
tally separated by closure of total separatedness under products (Propo-
sition 3.12(4)). Finally, if supa = s is totally separated then so is S,
by Lemma 6.14 and closure of total separatedness under equivalence (Propo-
sition 3.12(1)), and then Lemma 6.15 gives =——WLPO. O
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Proof of Proposition 6.10. Apply the hypothesis to the code b =L(A_.SZ).
By Definition 6.6, [S Z]qp1 = [Z]supr +1 = 1+ 1, which is 2, and therefore
[b]supr = sup@ = s, since [—]supt sends Z to 1 rather than to 0. So s is
totally separated, and Lemmas 6.14 and 6.15 give -—~WLPO. O

6.3. Comparing the four interpretations. Classically, the three alterna-
tive interpretations dominate the standard interpretation and are related as
in Theorem 6.16 below. Excluded middle is used twice, to make the succes-
sor operation of Ord monotone and to turn an order-preserving map between
ordinals into <. A fifth interpretation follows in Section 6.4, related to [—]s1
in a stronger and constructive way (Theorem 6.23).

Theorem 6.16. Assuming the principle of excluded middle, the following
order relations hold for the four interpretations of any Brouwer code b:

standard Blswp < [b]s trichotomous
N N
compact [blsupr < [0]s2 compact totally separated.

So the compact totally separated interpretation gives the largest ordinal
among the four.

Proof. The top row, the left-hand column and the bottom row are proved by
induction on b. All three use excluded middle at S, for monotonicity of the
successor operation on ordinals, and the top row and the bottom row use it
again at L, for the fact that a supremum is bounded by the corresponding
sum. That fact is in turn the passage from an order-preserving map to <,
applied to the map y — (x,y) of a summand into the sum, which makes the
sum an upper bound of the family, so that the supremum, being least among
upper bounds (Theorem 5.27(3)), is below it. The right-hand column uses
the passage directly.

The top row. At Z both sides are 0. At S, apply monotonicity of the
successor to the induction hypothesis. At L, monotonicity of the supremum
in its family gives sup;[bi]sup < sup;[bi]s, and this supremum is below
[Lb]s, a supremum being bounded by the corresponding sum.

The left-hand column. The same shape, with one extra step at L, where
the family whose supremum is taken on the right is the extension of the
family n +— [bn]s,p, along N — Ny, so we first identify its value at n with
[b71]sypr, by Lemma 5.22 and univalence, compare suprema over N, and then
observe that the supremum over N of a family restricted along ¢ is bounded
by the supremum over all of Ny,. At Z the inequality is 0 < 1, the zero
ordinal being least.

The bottom row. Again the same, using at L that extension along an
embedding preserves < fiberwise, the extension being at each point a product
indexed by a proposition, so that a simulation between the members gives one



60 MARTIN HOTZEL ESCARDO

between the products, and then that suprema compare and that a supremum
is bounded by the corresponding sum. At S we also need that addition of
topped ordinals agrees with addition of plain ordinals on underlying ordinals.

The right-hand column. This one is proved differently. We define a map
[b]s — [b]s by induction on b and show that it is order-preserving, and then
excluded middle turns an order-preserving map between ordinals into <. At
Z the source is empty. At S the two summands go to the two summands.
At L the pair (i,z) goes to ¢i paired with the partial element that sends
a point (j,p) of the fiber of + over ¢i to the recursively defined value at z,
transported along the identification j = ¢ supplied by left cancellability of «.
Order preservation is a routine induction. O

Proposition 6.17.

(1) If the relation [b]sup < [b]x holds for every Brouwer code b, then
LPO holds.

(2) If the relation [b],,r < [b]s1 holds for every Brouwer code b, then
==WLPO holds.

Proof. (1) An ordinal with a simulation into a trichotomous ordinal is tri-
chotomous. Since the trichotomous interpretation is trichotomous (Theo-
rem 6.7(1)), the standard interpretation is trichotomous for every code, and
Proposition 6.4 gives LPO.

(2) An embedding into a totally separated type is totally separated. Since
[b]s1 is totally separated (Theorem 6.7(2)), [b]s,p is totally separated for
every code, and Proposition 6.10 gives -—WLPO. O

Question 6.18. Does each of the remaining two comparisons, namely the
relation [b]sup < [b]sypr for every code b, and the relation [b]s < [b]s1 for
every code b, imply a constructive taboo?

6.4. A fifth interpretation. Our fifth interpretation is a modification of
the trichotomous interpretation [—]x of Definition 6.6, mapping Z to the
ordinal 1, rather than 0, and L to i in order to match the compact totally
separated interpretation [—]s1 and be able to get Theorem 6.23(2).

Definition 6.19. We define an interpretation function
[-]s, : B— Ord" (discrete interpretation)

by interpreting the constructors as in the second row of the following table,
whose first row repeats the compact totally separated interpretation of Def-
inition 6.6 for comparison:

Z S L
[-ls2 1] (=) +1 | X!
[=Is, (1] () +1 |3

Here ©! and ¥; are the extended sum and the successor sum of Defini-
tion 5.23.
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Theorem 6.20. For every Brouwer code b,

(1) the ordinal [b]s, is trichotomous,
(2) the underlying type of [b]s, is a retract of N, hence discrete.

Notice that (1) gives an alternative route to the discreteness of [b]x, (Lemma 5.8),
as does a direct induction on b using Proposition 3.6. Item (2) is the coun-
terpart of Theorem 6.7(3), with N in place of 2.

Proof. (1) By induction on b. For Z the one-point ordinal is trichotomous.
For S, ordinal addition 7+ v is not a coproduct here but the ordinal-indexed
sum over the ordinal 2 of the two-element family, whose index type is 1 + 1
(Section 5.3), and trichotomy is closed under ordinal-indexed sums, the index
2 being trichotomous. For L, the successor sum must preserve trichotomy.
Unfolding 337 as the sum over w + 1 of the extension of the family along
N < N+1, the index is trichotomous and it remains to see that the extension
takes trichotomous values. At a point z of N+1 its value is a product indexed
by the fiber of N < N + 1 over z, and such a product is trichotomous as
soon as that fiber is decidable, since if the fiber has a point, the product is
order equivalent to the member of the family at that point, and if the fiber is
empty, the product is 1. The fiber is decidable, being a singleton over inln
and empty over the added point.

(2) We show by induction on b that [b]y, is a retract of N. For Z the
underlying type is 1, a retract of N. For S, use that being a retract of N is
closed under ¥, in the sense that if 7 and every vz are retracts of N, then
so is X v, being a retract of N x N, which is a retract of N by a pairing
function; the index type 1+ 1 of the addition is a retract of N by sending 0 to
the left point and every successor to the right one. For L, the interpretation
is a successor sum, whose underlying type is a retract of N as soon as those
of the summands are, by Lemma 5.24(2). Discreteness follows since N is
discrete and discreteness is closed under retracts. U

The trichotomy of the successor sum used the decidability of the fibers of
N — N + 1. For the extended sum the corresponding fibers are those of
N — N, whose decidability is LPO, so the same argument is unavailable
for [—]s1.

Each of the two interpretations fails constructively to have the property
that the other has.

Proposition 6.21.

(1) The statement that [b]s, is compact for every Brouwer code b is
equivalent to LPO.
(2) If [b]sn is discrete for every Brouwer code b, then WLPO holds.

Proof. For the forward implications, apply the hypotheses to b = L(\i. Z),
the code of Example 6.24, whose discrete interpretation is w + 1 with under-
lying type N + 1 and whose compact one is Ny, with underlying type Nqo.
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Compactness of N + 1 gives compactness of N, a retract of it (Theo-
rem 4.8(4)), which is LPO (Examples 4.5(2)), and discreteness of Ny is
WLPO (Examples 3.3(3)). Conversely, LPO makes N compact, and [b]x, is
a retract of N for every b (Theorem 6.20(2)). O

So the trichotomy of Theorem 6.20(1) has no counterpart for [—]x1, since
trichotomy implies discreteness (Lemma 5.8).

Definition 6.22 (The comparison map). The map ¢, : [b]s, — [b]sn is
defined by induction on b as follows:

L7 = id

tsp (inlx, y) = (inlx, ¢ y)
tsp (inr %, y) = (inr *, y)
wo =y o N1 (i wi),

where ¥ (i — ¢p;) is the map between the successor sums that applies ¢p; in
the i-th summand and fixes the added point, and ¢, is the comparison map
of Definition 5.25 for the family vi = [bi]x:.

Theorem 6.23. For every Brouwer code b, the map vy, : [b]s, — [b]sn is

(1) an embedding,

(2) extremely dense,
(3) order-preserving,
(4) order-reflecting.

Proof. The four properties are established by induction on b. At Z the map
is the identity. At S it is a map of sums, with the identity on the index and
with the induction hypothesis and the identity on the two fibers, so that the
embedding property and the density come from Lemma 2.29(2, 3) and the
two order properties from Lemma 5.14, order reflection requiring that the
index map be an embedding (2), which the identity is.

At L, the family of maps ¢; induces a map between the successor sums,
namely inl (¢, z) — inl(7,¢; ) and inrx — inr*, which preserves all four
properties fiberwise, and the comparison map ¢, for the family vi = [bi]s:
has all four (Lemma 5.26), so the composite does too, extreme density and
the embedding property both being closed under composition. O

The first code whose interpretations are both infinite shows the extent of
the failure of the comparison embedding to be an equivalence.

Example 6.24. Take b = L(\i.Z), the countable sum of the one-point
code. By Definition 6.19 the two interpretations are the successor sum and
the extended sum of the constant family at 1,

[Bls, =S1(i—1) = (w+1),  [b]s ="(i— 1) =, No,

the summands being one-point ordinals and a sum of those being its own
index, so the discrete side is N+ 1 with its added point isolated, because the
point of 1 is isolated and inr preserves isolatedness (Proposition 3.6(1)), the
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compact side is Ny, with its added point oo, whose isolatedness is WLPO
(Examples 3.3(5)), and ¢}, is the inclusion N+ 1 < Ny that sends the added
point to oo.

The ordinal [b]x, is discrete and a retract of N, but it is compact exactly
when LPO holds, since N is (Examples 4.5(2)). The ordinal [b]s: is com-
pact and totally separated with no assumption (Theorem 6.7(2)), but it is
discrete, equivalently its top point is isolated, exactly when WLPO holds
(Examples 3.3(3 and 5)). The map between them is an extremely dense
order-embedding, by Theorem 6.23. Read as binary sequences, the image of
tp consists of the sequences 1™0“ and the sequence 1¥. Extreme density of
tp says that no decreasing binary sequence lies outside this image, which is
a theorem, and surjectivity says that every decreasing binary sequence lies
in it, which for this code is exactly LPO.

Proposition 6.25. The statement that vy, is an equivalence for every Brouwer
code b is equivalent to LPO.

Proof. For the forward direction, apply the hypothesis to the code L(\i. Z),
where ¢, is the inclusion N + 1 < Ny, which is an equivalence exactly
when LPO holds (Example 6.24). Conversely, assume LPO and induct on
b, following the clauses of Definition 6.22. At Z the map is the identity. At
Sb it is a map of sums whose index part is the identity and whose two fiber
parts are the induction hypothesis and the identity, so it is an equivalence
by Lemma 2.29(1). At Lb the map between the successor sums induced
by the family ¢; is an equivalence by the induction hypothesis, and ¢, is
one because the maps e, are equivalences (Lemma 5.26) and LPO makes ¢;
one. (]

6.5. The least element property. The compact ordinals [b]s: are not just
compact. Every complemented subset has an infimum, which is a member
when the subset is non-empty.

Definition 6.26 (Infima of complemented subsets). Let X carry a rela-
tion <. A complemented subset of X is given by its characteristic function
p: X — 2, whose roots are its elements. Say that X has infima of comple-
mented subsets if for every p there is a point x : X that is

(1) a conditional root: if p has a root at all then xq is one,
(2) the infimum of the roots: xy < z for every root z, and [ < z¢ for
every [ that is below all roots.

For a topped ordinal 7 this is taken with respect to the weak order x < y :=
- (y < x).

Remark 6.27. Having infima of complemented subsets is a strengthening
of pointed compactness, since clause (1) alone already gives it. Given p, take
the conditional root zy as a universal witness. If pzg = 1 then p has no root,
since a root would force pxzy = 0, and a 2-valued function with no root is
constantly 1.



64 MARTIN HOTZEL ESCARDO

Lemma 6.28 (Least element property). Let X have infima of complemented
subsets with respect to a relation <. Then every nmon-empty complemented
subset of X has a least element, that is, a member below all members.

Proof. Let p be the characteristic function of the subset and zg the point
supplied by Definition 6.26. Having infima gives compactness, and the subset
is non-empty, so p has a root by complemented choice (Proposition 4.11(3)).
Then z( is a root by clause (1), and it is below every root by clause (2). O

The following strengthens the micro-Tychonoff Theorem 4.27 from com-
pactness to infima.

Theorem 6.29. Let X be a proposition and Y : X — U a family, and let
each Y x carry an arbitrary relation <, with derived relation

y=y = - <y).

Give [ [, Y x the pointwise relation

p<y = [[ez =y
z: X

If every Y = has infima of complemented subsets with respect to =< (Defi-
nition 6.26), then [[,Y x has infima of complemented subsets with respect
to <.

Proof. The construction of the witness is the same as in Theorem 4.27. Given
p:][,Y x— 2, for each x : X transport p along the evaluation equivalence
fz to a map on Y z, and let g x be the infimum of its roots in Y x, which
defines g : [[, Y @. Let p have a root 7. Given z : X, the transported vz is
a root in Y z, so the infimum ¢g z is a root there, and since f, (g0 z) = o,
this gives pypo = 0. If X is empty, then @y = =, the product having a
single point, and again ppg = 0. These combine as in step (3) of the proof
of Theorem 4.27. If ppy = 1, the first case refutes X, and then the second
gives pwg = 0. So ppy = 0, and (g is a conditional root. It remains to show
that g is the infimum for the relation <.

To see that g is a lower bound, note that if v is a root, then for each z
the transported « is a root in Y x, so g x =X vx, that is, ¢g < 7.

To see that it is greatest among lower bounds, let 1) be below every root.
We must show ¥ x < g x for every x, so let x : X and suppose pgx < 9 x.
Then 9 x is below every root y of the transported family at x. Indeed, such a
y gives the root f, 1y of p, so that (g is a root, being a conditional root, and
hence ¢ < g, since ¥ is below every root. This is refuted by the supposition,
so the claim holds vacuously. Since ¢ x is the infimum of the roots of the
transported family, we get 1) x < ¢g x, contradicting the supposition. O

Theorem 6.30. For every Brouwer code b, the topped ordinal [b]s1 has
infima of complemented subsets.
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Proof. By induction on b, with the same three cases and the same shape
as Theorem 6.20, but now with closure properties for infima in place of
those for compactness.

For Z, the one-point ordinal has infima, since the unique point is a condi-
tional root and the infimum. For S, use that having infima of complemented
subsets is closed under ordinal-indexed sums, in the sense that if 7 has them
and every vz does, then so does ¥;v, the infimum being computed lexico-
graphically, first in the base, as the infimum of those x whose fiber contains
a root, and then within that fiber. This needs the lexicographic weak order
on the sum to agree with the weak order derived from the sum’s own strict
order. The ordinal 2 indexing the addition has infima by inspection of its
two points.

For L, unfold £! as the sum over the ordinal Ny, of the extension along
N < N, and apply the same closure property. Two things are needed. First,
the ordinal N, has infima of complemented subsets, which is the property of
its selection function stated in Examples 4.7(3), that the sequence it returns
is a conditional root and the infimum of the set of roots. Second, each fiber
of the extended family has infima. This is exactly Theorem 6.29, the micro-
Tychonoff theorem for infima, applied to the fiber of the embedding over the
point in question, which is a proposition. [l

By Lemma 6.28, we conclude the following.

Corollary 6.31. For every Brouwer code b, every non-empty complemented
subset of the ordinal [b]s1 has a least element.

By Remark 6.27, Theorem 6.30 subsumes the compactness of Theorem 6.7(2).
For the discrete interpretation the least element property fails constructively.

Proposition 6.32. The statement that every non-empty complemented sub-
set of the discrete interpretation [b]x, has a least element, for every Brouwer
code b, is equivalent to LPO.

Proof. For the forward implication, take b = L(\i.Z), whose discrete in-
terpretation is w + 1 with underlying type N + 1 (Example 6.24). Given
a : N — 2, consider the complemented subset with characteristic function

p(inln) = an, p (inrx) = 0.

It contains the added point, so it is non-empty, and its least element zq is
either inln for some n, in which case an = 0, or the added point, in which
case no inln is a member, since membership would give zg < inln, that
is, =(inln < inrx). Inspection of z( tells the two cases apart, and they
decide whether o has a root, which is compactness of N, equivalently LPO
(Examples 4.5(2)).

Conversely, LPO makes 1, an equivalence (Proposition 6.25), and it is
order-preserving and order-reflecting (Theorem 6.23), so [b]x, and [b]x1 are
order equivalent. Every non-empty complemented subset of [b]s: has a
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least element (Corollary 6.31), and this property transfers along the order
equivalence. O

Remark 6.33. The forward implication needs only the single code L(Ai. Z),
as in Proposition 6.25.

7. AN INDUCTIVE-RECURSIVE UNIVERSE OF COMPACT ORDINALS

In the Brouwer codes (Definition 6.1), the branching of the limit con-
structor L is always indexed by N. We now let the branching of a sum
be indexed by an ordinal built at an earlier stage, which requires defining
the type E of codes and their standard interpretation A simultaneously by
induction-recursion in the sense of [11, 12, 13|. The codes carry a further
interpretation K, with an extremely dense embedding Av — Kv for every
code v : E (Theorem 7.5(2)). The Brouwer codes embed into E, with the in-
clusion making [—]s, commute with A, and [—]sx: with K (Theorem 7.11).
The interpretation A gives trichotomous and hence discrete ordinals (Theo-
rem 7.2), and K gives compact ordinals with infima of complemented subsets
(Theorem 7.5). The compact interpretation K, however, is no longer totally
separated in general (Proposition 7.12), and hence the ordinals witnessing
this are not denoted by Brouwer codes.

7.1. Ordinal expressions and their discrete interpretation.

Definition 7.1 (E and A). We define, by induction-recursion, a type E of
ordinal expressions by the constructors

M1 Tw+17: E, T+7™x7:E—E — E,
"7 [Ig (Av = E) = E),
simultaneously with the standard, discrete interpretation A : E — Ord ", by
AT17'=1 ATw+l"=w+1
Ay ™+ v) = Ay + Ay Ay ™) = XA, (A Avy)
A(TE"vA)=3a, (A0 A).

Theorem 7.2. For every v : E, the underlying type of Av is a retract of N,
hence discrete, and moreover the ordinal Av is trichotomous.

Proof. By induction on v, which for an inductive-recursive definition means
induction by the elimination principle of E, in which the hypothesis for
".7v A may use the already-available value Av in order to speak about the
index type Av of A.

For "1 the underlying type is 1. For "w+17"it is N + 1, which is equiv-
alent to N. The underlying type of an addition is a 3 over the index type
1+1 (Section 5.3), and that of a multiplication is a ¥ over a constant family
(Definition 5.13), so the cases "+7 and "x 7 are, as in the proof of The-
orem 6.20(2), instances of the closure of “being a retract of N” under 3,
the index type 1 4+ 1 being a retract of N. So is the case "X v A, where
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A("X7v A) is the plain ordinal-indexed sum XA, (Ao A), with no extension,
whose base Av and fibers A(A ) are retracts of N by the induction hypothe-
sis. Discreteness then follows because N is discrete and discreteness is closed
under retracts (Proposition 3.6(2)).

Trichotomy is proved by a separate induction on the same cases, using
that 1 is trichotomous, that w is and hence so is its successor, and that
trichotomy is preserved by ordinal-indexed sums of trichotomous families
over a trichotomous index, as in the proof of Theorem 6.20(1), which covers
addition and multiplication under the above readings of them as sums. [

Trichotomy gives a second route to the discreteness of Av, by Lemma 5.8.
However, compactness fails constructively.

Proposition 7.3. The statement that the type Av is compact for every code
v : E is equivalent to LPO.

Proof. Under LPO the type N is compact (Examples 4.5(2)), and Av is a
retract of it by Theorem 7.2, so it is compact too, compactness being closed
under retracts (Theorem 4.8(4)). Conversely, the single code "w+17 suffices,
since ATw+1"is N+1, which has N as a retract, so the same closure property
gives the compactness of N, which is LPO. U

7.2. The compact interpretation.
Definition 7.4 (K and ¢,). We simultaneously define

K : E—Ord',
tw  Av—Kv

and prove by induction that ¢, is an embedding as follows. For a code v : E
and A : Av — E, write (Ko A) /1, for the extension along ¢, : Av — Kv of
KoA:Av — Ord' to a family Kv — Ord ", as illustrated in the following
diagram:

Ay —" s Ky
A > E(KOA)/LV

~
< |
~ <

E——p— Ord".

We define K : E — Ord" and ¢, : Av — Kv by
Krint=1 KTw+17=Ng
K(I/O F40 Vl) = Kvyg + K1y K(VOI_X_Iljl) = EKVO()\_-Kyl)
K(SwA) =%k, (KoA)/u)
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11 =1id Lrgy1n = U1
byg™+ Ty (lnl *, y) = (lnl *y Ly y) Lyg™x Ty (l’, y) = (Ll/() Z, by, y)
Ly 4+, (INr %, y) = (Inr*, ¢y, y)
rsy A (l‘, Z) = (LV xz, Sox_l(LAx Z))
Here ¢1 is the canonical embedding N 4+ 1 < N, sending the added point
to oo, and ¢, : (Ko A) /w)(wz) ~, K(Az) is the extension property
of Lemma 5.20 at the point ¢, x of the image.

That each ¢, is an embedding is proved by the same induction. At "1 the
map is the identity and at "w+17 it is the canonical embedding ¢, an em-
bedding by Examples 3.3(6). The identity is an embedding, a map of sums
is an embedding if its index map and all its fiber maps are (Lemma 2.29(2)),
embeddings are closed under composition, and an equivalence is an embed-
ding. At "+7, where the addition is a sum over 1+1 (Section 5.3), the index
map is the identity on 1 + 1 and the fiber maps are ¢,, and ¢,,, and at " x ',
where the multiplication is a sum over a constant family (Definition 5.13),
the index map is ¢,, and the fiber map is ¢,,, the maps ¢,, and ¢,, being
embeddings by the induction hypothesis. At "> A the map is the map
of sums with index map ¢, and fiber maps ;! 0 14,, an embedding as the
composition of the embedding ¢4, with the equivalence ¢ !.

The following generalizes Theorems 6.23 and 6.30.

Theorem 7.5. For every v : E,

(1) the ordinal Kv has infima of complemented subsets, hence is compact,
(2) the embedding v, : Av — Kv is extremely dense, order-preserving
and order-reflecting.

Proof. Write K, 4 = (Ko A) /1, : Kv — Ord' so that K("X v A) =
Ykv Ky 4, and by Definition 4.31 its value at y is the product of the K(Ax)

over the fiber of ¢, at y. We prove (1) by induction on v, using in the case
M. "v A that

(1) the ordinal K, 4y has infima of complemented subsets for every y :
Kuv.

For (1), the ordinal 1 has infima by inspection. The ordinal N, has them,
by the property of its selection function stated in Examples 4.7(3), that the
point it returns is a conditional root and the infimum of the set of roots.
The cases "+, " x Tand "X are all instances of the closure of this property
under ordinal-indexed sums shown in the proof of Theorem 6.30, the index
2 of the addition having infima by inspection of its two points, applied in
the last case to the family K, 4, using ().

For (1), the ordinal K, 4y is a product of the ordinals K(A z) indexed by
t;(y), which is a proposition because ¢, is an embedding, and each factor
has infima by the induction hypothesis for the codes Ax. So Theorem 6.29
applies.

Compactness then follows from Remark 6.27.
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(2) That ¢, is an embedding is part of Definition 7.4. Each of the three
remaining properties is then inherited exactly as in Theorem 6.23. All three
are preserved by maps of sums (Lemma 2.29(3) and Lemma 5.14, order
reflection requiring, as there, that the index map be an embedding), all three
are preserved by composition, and equivalences have all three. The only new
base case is "w+1", where N4+1 < N is extremely dense (Examples 3.3(6))
and is order-preserving and order-reflecting, the predecessors of a point v of
N being the finite points n with n C v (Example 5.18). O

Corollary 7.6. Every non-empty complemented subset of the ordinal Kv
has a least element for any v : E.

Proof. By Lemma 6.28, applied to Theorem 7.5(1) with respect to the weak
order of the ordinal. ]

Classically, the embedding ¢, : Av — Kv is a surjection and hence an
equivalence, but this fails constructively, and so does the discreteness, and
hence the trichotomy, of Kv.

Proposition 7.7.

(1) The map v, is an equivalence for every v : E if and only if LPO
holds.

(2) LPO makes Kv discrete for every v : E.

(3) If Kv is discrete for every v : E, then WLPO holds.

Proof. (1) (=) Instantiate at v = "w+1", where ¢, is the canonical map
N+1 — Ng.. Ifit is an equivalence, then every conatural number is either the
image of a unique n : N or is co, and the inverse decides which. Deciding, for
an arbitrary u, whether w is finite is LPO, as in the proof of Proposition 6.4.

(<) By induction on v. At "17 the map is the identity. At "w+17,
the principle LPO says exactly that finiteness is decidable, which makes
N 4+ 1 — Ny split surjective and hence, being an embedding already (Ex-
amples 3.3(6)), an equivalence. At "47, "x 7 and "X the map is the map
of sums of Definition 7.4, which is an equivalence when its index map and
all its fiber maps are (Lemma 2.29(1)). At "X the fiber map is additionally
composed with the equivalence ¢!, which does not affect the conclusion.

(2) Under LPO the map ¢, is an equivalence for every v by (1), so Kv is
discrete, being equivalent to the discrete type Av (Theorem 7.2).

(3) Instantiate at ¥ = "w+1" again, the discreteness of Ny, being WLPO,
since deciding u = oo for every w is deciding whether a binary sequence is
constantly 1. O

For the discrete interpretation the least element property fails constructively.

Proposition 7.8. The statement that every non-empty complemented subset
of the discrete interpretation Av has a least element, for every code v : E, is
equivalent to LPO.
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Proof. The proof is that of Proposition 6.32. In the forward implication the
single code "w+17 takes the place of L(Ai. Z), its discrete interpretation being
w+ 1. In the converse, LPO makes ¢, an equivalence (Proposition 7.7(1)),
and it is order-preserving and order-reflecting (Theorem 7.5(2)), so Av and
Kv are order equivalent. Every non-empty complemented subset of Kv has
a least element (Corollary 7.6), and this property transfers along the order
equivalence. O

The embedding ¢, is order-preserving and order-reflecting, and it is nat-
ural to ask whether it additionally satisfies the initial-segment condition, so
that Av < Kv for all codes v. The code "w+17" does satisfy this, but the
requirement that it hold for every code fails constructively.

Proposition 7.9.

(1) The canonical embedding try417 : N+ 1 < Ny is a simulation, so
that ATw+17 < Kw+17.
(2) The relation Av < Kv holds for every v : E if and only if LPO holds.

Proof. (1) The map is order-preserving (Theorem 7.5(2)). It preserves initial
segments because the points of N, below ¢r, 117 2 are the finite points n with
n C tryt17 2 (Example 5.18), and such a point is the image of inln, which
is below z in w + 1 whether z is finite or is the added point.

(2) («=) Under LPO the map ¢, is an equivalence (Proposition 7.7(1)),
and it is order-preserving and order-reflecting (Theorem 7.5(2)), so it is an
order equivalence, and an order equivalence is a simulation.

(=) The single code v = "w+1""4+"71" suffices. Its discrete interpreta-
tion is the sum of w+ 1 and 1, and its compact interpretation is the sum of
N and 1. In both, the right summand contributes the single point (inr x, *),
and no point is above it (Section 5.3), the order of 1 being empty.

Let f be a simulation of Av into Kv. Every point (inl*, z) of Av is below
(inrx, %), so its image is below f (inr*,) and hence is not (inrx,). The
image therefore lies in the left summand, giving a map g : N+ 1 — N, with
f (inlx, z) = (inlx, g z2).

The map g is a simulation of w+1 into N,. It is order-preserving because
f is, and it preserves initial segments because on both sides the points below
a point of the left summand are the points of the left summand below it.
There is at most one simulation of one ordinal into another (Section 5.1), so
g = try110 by (1), and in particular g sends the added point of N+ 1 to oo.

The map f sends (inr,x) to (inr*,x). Otherwise its value there is
(inl %, w) for some w : Ny, and, the point (inlx,inr*) of Av being below
(inr %, x), the conatural number co = g (inr *) would be below w, whereas co
is below no conatural number (Example 5.18).

Now let u : Noo. The point (inl*,u) of Kv is below (inrx, *) = f (inr *, %),
so by initial-segment preservation it is in the image of f, and the point of
Av sent to it is below (inr*, ). That point lies in the left summand, say
(inl*, z), and then try4172 = gz = u. The assignment u — z is a section
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of tr,417, and deciding whether z is of the form inln decides whether u is
finite, which is LPO. U

7.3. Inclusion of Brouwer codes into inductive-recursive codes. The
two notation systems of this paper are related by an inclusion of the first
into the second, under which both interpretations are preserved.

Definition 7.10. The map ¢ : B — E is defined by induction, together with
the family A of the limit clause, whose index type ATw+17"is N+ 1:

eZ="1", e(Sh)=eb"+7717] e(Lb) ="3S"Tw4+17 Ay,
Ap (inln) = e (bn), Ap (inrx) =17
Theorem 7.11.

(1) The type E of codes is a set.

(2) The map ¢: B — E is an embedding.

(3) For every Brouwer code b we have [b]s, ~, A(eb).
(4) For every Brouwer code b we have [b]s1 ~, K(eb).

Proof. (1) Let W be the W-type [44, Section 5.3] whose shapes are the five
constructors of E, of arities 0, 0, 14+ 1, 1 + 1 and 1 4+ N, an element of
which is a pair of a shape and a family of elements of W indexed by the
arity of that shape. By Theorem 7.2 the type Av is a retract of N, with
section o, : Av — N and retraction p, : N — Av. A family indexed by Av
is determined by its composite with p,, so that N can serve as the arity of
the shape of "X, Define f : E — W by induction on codes, writing | | for
the empty family, [z, y| for the family over 1 4+ 1 with values x and y, and
[x,t] for the family over 1 + N with value x at the point of 1 and ¢ on N:

f,_]-—l = (,_1—'7 [ ])7 frw+1‘| = (’_w+1—|7 H)v
fwo ™) = ("+7 [f v, fra]), f o™ ) = ("x7 [f v, fra]),
fFOETWA) = ("S5 [fv, foAop)).

The map f is left cancellable, by induction on codes. Two codes with the
same image have the same shape, hence are given by the same constructor,
and, the type of shapes being a set, their branching families agree. At "%
this gives, by the induction hypothesis, v = v/ and A (p, n) = A’ (p, n) for
every n : N, and then Az = A(p, (o, 2)) = A" (p, (6, ) = A’z for every
x: Av, so that A = A’. A W-type whose type of shapes is a set is a set, and
a type admitting a left-cancellable map into a set is a set, which shows that
E is a set.

(2) In view of (1), it is enough to show that e is left cancellable. The
constructors of E have disjoint images and are left cancellable in each ar-
gument, so if eb = e¢b’ then b and b are given by the same constructor of
B, and we argue by induction. At Z there is nothing to prove. At S the
hypothesis identifies eb™+ 7717 with ¢d' "+7717, hence ¢b with e, so that
b = V' by the induction hypothesis. At L it identifies "X "w+17 A, with
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T Tw+17 Ay, hence A, with Ay, and evaluation at inln gives bn = b'n
for every n, again by the induction hypothesis.

(3) and (4) The two agreements are proved by induction on b. At Z both
sides are the one-point ordinal. At S both sides are additions of 1, that is,
sums over 1+1 (Section 5.3) with the same index, so it is enough to compare
their two summands, the left ones by the induction hypothesis and the right
ones being 1 on both sides. Order equivalent families over a common index
have order equivalent sums, by Lemma 2.29(1) and Lemma 5.14 with the
identity on the index.

At L both sides are again sums over a common index, so again it is enough
to compare the fibers.

In (3) the index is w + 1, whose underlying type is N + 1. The fibers
on the left are the extension of the family n — [bn]y, along inl : N —
N + 1 (Definition 5.23(2)), and those on the right are the values of Ao A,
(Definition 7.1). At inln the extension gives [bn]y, back (Lemma 5.22),
which the induction hypothesis compares with A(e (bn)). At inr* the fiber
of inl is empty, so the extension is the one-point ordinal (Lemma 4.32(2)),
and sois AT1™.

In (4) the index is Ny, but the two families are extensions along different
embeddings into Noo, namely ¢ : N < N, on the left (Definition 5.23(1)) and
trwt17 - N+ 1 < Ny on the right (Definition 7.4). Write h,, for the order
equivalence [bn]si ~, K(e(bn)) given by the induction hypothesis. The
comparison at a point u : Ny, is defined on the points of the members of the
two families at u. A point of the member on the left is a function ¢ assigning
to each (n,p) : ¢ Y(u) a point of [bn]s1, and it is sent to the function
assigning to (inln,p) : L:;+1T(u) the point h, (¢ (n,p)), and to (inrx,p) the
point of the one-point ordinal K"17. This is an equivalence, its inverse
restricting a function on LFUJlJrlj(u) along (n,p) — (inln,p) and applying
ht. Tt is order-preserving and order-reflecting, because a witness of the
order relation is given at a point of the fiber of the embedding, and at
(inr , p) there is none, the order of the one-point ordinal being empty. [

As opposed to the [—]s1 interpretation of Brouwer codes, the K interpre-
tation of E codes fails to be totally separated constructively.

Proposition 7.12. IfKv is totally separated for every code v, then ~——WLPO
holds.

Proof. Take v ="3"Tw+4+1"A, where A sends the finite points of ATw+1"
to "17 and its added point to "17"+771". By Definition 7.4, the ordinal
Kv is the sum over Ny, of the extension of Ko A along tr,117: N+1 — N,
so a point of its underlying type is a point u : Ny together with a function
assigning to each element of wal 10 (u) a point of the corresponding member of
the family. The elements with first component inln contribute the one-point
type K™17, and the element with first component inrx, which is available
exactly when u = oo, contributes K("17™+7717), a sum over 1 + 1 of
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one-point ordinals (Section 5.3), which we identify with the type 2. Hence
Ky ~ ¥, 2%,

the type of Examples 3.10(3), whose total separatedness gives -=—WLPO.
Total separatedness is closed under equivalence (Proposition 3.12(1)), so the
total separatedness of Kv gives =—WLPO too. U

Remark 7.13. Since the compact interpretation [—]yx1 of a Brouwer code
is totally separated (Theorem 6.7(2)) and K agrees with it along the inclu-
sion of Theorem 7.11, the ordinals witnessing the failure are not in general
denoted by Brouwer codes, so that E denotes strictly more compact ordinals.

7.4. Isolated points and limit points. A point in the image of the em-
bedding ¢, : Av — Kv can be isolated in Kv or a limit point. A boolean
valued function on Av, defined by induction on the code v, determines which
of the two holds at each point. Everything in this subsection holds verbatim
for the Brouwer codes of Section 6.4, with the same proofs, and we develop
it here because the inductive-recursive codes are the more general system.
In classical topology, a limit point is a non-isolated point. Assuming
excluded middle in our type theory, every point of any set is isolated, and
our ordinals are all sets, so that a point of our ordinals is never non-isolated.
In order to overcome this difficulty in the absence of excluded middle but
remaining compatible with excluded middle, we define an element to be
a limit point when its isolatedness implies WLPO. We choose this taboo
because “WLPO is a weak continuity principle, as discussed in Remark 2.26.

Definition 7.14 (Topological limit point). A point = of a type is a limit
point if its isolatedness implies WLPO:

x is a limit point := (z is isolated — WLPO).

For example, at the code "w+1", whose compact interpretation is N,
the finite points are isolated while the added point oo is a limit point, its
isolatedness being WLPO (Examples 3.3(4 and 5)).

Definition 7.15 (Limit point indicator). The limit point indicator of a
code v is the function ¢, : Av — 2 defined by induction on v by

lr17(x) =0 Lyor 47, (inl %, 20) = £y (20)
lryr17(inln) =0 Lyyr i, (inrx, 1) = £y, (x1)
lryiq(inrx) =1 Loom sy (20, 1) = max(€y, (z0), Ly, (1))
lrsy Az, y) = max(€, (), baz(y))

Theorem 7.16. For every v : E and x : Av,
(1) if £,(x) =0 then v, is isolated in Kv,
(2) if ,(x) =1 then v,z is a limit point of Kv,
(3) every point in the image of v, is either isolated or a limit point,
(

3)
4) if “WLPO holds, isolatedness of i, x is decidable.
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Proof. (1) By induction on v, using throughout that a pair is isolated as
soon as both of its components are (Proposition 3.6(4)).

At "17 the unique point is isolated, the type 1 being discrete. At "w+1"
the hypothesis leaves = inl n, whose image is the finite conatural number n,
which is isolated (Examples 3.3(4)). At "+ the image is a pair whose index
is inlx or inr«, isolated in 1 + 1 (Proposition 3.6(1)), and whose second
component is isolated by the induction hypothesis, the value of £ at the pair
being its value at that component. At "x ' and "X the value of £ is the
maximum of the two values of Definition 7.15, so the hypothesis makes both
of them 0, and the induction hypothesis applies to both components. This
finishes the case "x 7, and in the case "X the second component of the
image is ¢, (¢4, y) (Definition 7.4), which is isolated because 14, y is and
equivalences preserve isolatedness (Proposition 3.6(5)).

(2) By induction on v, assuming in each case that ¢, x is isolated and
deriving WLPO.

At "17 the claim holds vacuously, as the hypothesis ¢,(z) = 1 cannot
hold, #r1- being constantly 0. At "w+17" the hypothesis leaves x = inr *,
whose image is 0o, and the isolatedness of co is WLPO (Examples 3.3(5)).
The remaining cases pass the assumed isolatedness down to the component
that ¢ flags, where the induction hypothesis converts it into WLPO.

At "+7 that component is the second one, and isolatedness of a pair
gives isolatedness of its second component when the index type is a set
(Proposition 3.6(4)), which 14+ 1 is. At "x ™ and "X the value of ¢ is again
that maximum, so the hypothesis makes one of the two values 1, and the
flagged component is the first or the second accordingly. At " x 7 the sum is
a product, whose components are both isolated with no further hypothesis
(same item). At "X the first component needs the members of the extended
family to be compact (Lemma 4.20), which they are by Theorem 4.27, being
products indexed by propositions of the ordinals K(A z), compact pointed
by Theorem 7.5(1) and Remark 6.27, and the second component is isolated
because Kv is a set (Lemma 5.2), which gives the isolatedness of ¢, 1(14 4 ¥)
and hence of 14, y, equivalences reflecting isolatedness (Proposition 3.6(5)).

(3) Decide the value of ¢, (x), which is a point of 2, and apply (1) or (2).

(4) By (3) the point ¢, x is isolated, in which case isolatedness is decided, or
a limit point, in which case its isolatedness implies WLPO, and contraposing
against “WLPO gives that it is not isolated. ([l

Remark 7.17. A point of an ordinal is an order limit point when it is
neither the least element nor a successor. This notion does not agree with
the topological notion of limit point (Definition 7.14). The point (co,1) of
the ordinal K("w+1"" x"w+17") = X (A . Ny) is the successor of (o0, 0),
and hence is not an order limit point, but it is a topological limit point, since
its isolatedness gives WLPO, through its first coordinate oo, a limit point
of Nyo.
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8. DISCUSSION

TABLE 1. The interpretations of the two notation systems.

Interpretation

Reading of
the limit
constructor

Holds for every code

Fails constructively

Brouwer codes b (Definition 6.1),

limit constructor L

standard [b]sup supremum nothing beyond being an trichotomy, giving LPO
in Ord ordinal (Proposition 6.4), and
(Definition 6.2) compactness, giving
LPO (Proposition 6.3)
[b] 1 extended compactness and total discreteness, giving
in Ord " sum separatedness WLPO
(Definition 6.6) (Theorem 6.7), being a (Proposition 6.21), and
retract of 21 hence trichotomy
(Theorem 6.7), and infima
of complemented subsets
(Theorem 6.30), hence the
least element property
(Corollary 6.31)
6] supr supremum | compactness (Theorem 6.7) | total separatedness,
in Ord of the giving -—~WLPO
(Definition 6.6) extension (Proposition 6.10)

[b]=

sum over w

trichotomy (Theorem 6.7),

compactness, giving

in Ords hence discreteness LPO (Proposition 6.9)
(Definition 6.6) (Lemma 5.8)

[b] =, successor trichotomy and being a compactness

in Ord" sum retract of N, hence (Proposition 6.21) and

(Definition 6.19)

discreteness
(Theorem 6.20)

the least element
property

(Proposition 6.32), each
equivalent to LPO

Inductive-recursive

codes v (Definition 7.1), sum constructor "% ‘

Av sum over trichotomy and being a compactness and the
in Ord" Av retract of N, hence least element property,
(Definition 7.1) discreteness (Theorem 7.2) |each equivalent to LPO
(Propositions 7.3
and 7.8)
Kv sum over compactness, with infima | total separatedness,
in Ord" Kv of the of complemented subsets giving ——WLPO
(Definition 7.4) extension (Theorem 7.5), hence the | (Proposition 7.12), and

least element property
(Corollary 7.6)

discreteness, giving
WLPO

(Proposition 7.7), and
hence trichotomy
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TABLE 2. The embedding of the discrete into the compact interpretation.

‘ Embedding ‘ Holds for every code ‘ Fails constructively ‘

Lp [[bﬂz;l — [[b]]zl
for Brouwer codes b
(Definition 6.22)

extreme density, order
preservation and order
reflection (Theorem 6.23)

LPO (Proposition 6.25)

surjectivity, equivalent to

Ly Av — Kv
for E-codes v
(Definition 7.4)

extreme density, order
preservation and order
reflection (Theorem 7.5)

LPO (Proposition 7.7)

surjectivity, equivalent to

8.1. Summary of results. We constructed infinite types that are exhaus-
tively searchable, and called them compact because in many respects they
behave like the topological notion of the same name (Section 4). We then
noticed that the constructions carry natural well-orders and preserve them,
and the ordinals thus obtained measure the logical complexity of the com-
pact types we produced. We gave two notation systems for them, each with
several interpretations as ordinals.

The interpretations differ mainly in the reading of the limit constructor,
and they are collected in Table 1, which records for each of them what holds
and what fails constructively. Total separatedness, one of the properties
listed there, is a boolean Leibniz principle corresponding to the topologi-
cal notion of the same name (Section 3.2). Two of the interpretations are
related by an embedding of the discrete one into the compact one (Defi-
nition 6.22 and Theorem 6.23), whose properties are collected in Table 2.
That embedding needs no assumption, whereas the comparisons among the
other interpretations need excluded middle (Theorem 6.16), which for every
Brouwer code b gives

[[b]]sup < [[bﬂE
N N

[[b]]supl < [[b]]El .

The inductive-recursive universe E carries a discrete and a compact inter-
pretation, A and K, related by the embedding ¢, as the Brouwer codes do,
but its sum constructor is indexed by any previously constructed discrete or-
dinal rather than by N (Definitions 7.1 and 7.4). This is possible because the
codes and their discrete interpretation are defined simultaneously, so that a
code may be indexed by the ordinal denoted by an earlier code. The Brouwer
codes are included in it, and the inclusion preserves both interpretations up
to order equivalence (Theorem 7.11). Total separatedness of the compact
interpretation K for every code of E gives -=WLPO (Proposition 7.12),
whereas the compact interpretation [—[s:1 of every Brouwer code is totally
separated. The ordinals witnessing the failure are not in general denoted by
Brouwer codes.

In the compact ordinals of both systems, every non-empty complemented
subset has a least element (Corollaries 7.6 and 6.31). The isolated points and
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the limit points in the image of the embedding are distinguished by an ex-
plicit boolean valued function on the discrete side (Definition 7.15 and The-
orem 7.16), and the embedding is an equivalence for every code precisely
when LPO holds (Proposition 6.25 and Proposition 7.7(1)).

The above constructions rest on the closure properties of compactness
(Section 4.3), the micro-Tychonoff theorem for families indexed by a propo-
sition (Theorem 4.27), the extension of a family along an embedding and the
sums built from it (Sections 4.7 and 5.4), and suprema of families of ordinals
(Section 5.5).

8.2. Reaching large compact ordinals. In [17, §11] we reach compact
totally separated ordinals of every rank below g in Gédel’s T, by iterating
squashed sums in the Cantor space, and conjecture that this is the best we
can do, which Normann proved [39]. If a closed subset of the Baire space
has a search functional definable in T, then it is countable and its Cantor—
Bendixson rank lies below &q.

Coquand, Hancock and Setzer |7] add the type B of Definition 6.1 to T" as a
base type, with its constructors but without its elimination principle, and ask
which ordinals are denoted by the closed terms of type B. They call a point
of a type X together with an endomap of X and a map (N — X) — X a limit
structure, the generic one being B itself with Z, S and L. Our interpretations
are limit structures in this sense, their main difference being in the third
component, which is the supremum for [—]sup (Definition 6.2), the extended
sum for [—]x1 and the successor sum for [—]x, (Definition 6.19).

In system 7" they build closed terms denoting w, w*, w** and so on, so that
the ordinal of the system is at least gg, using a device of Gentzen that turns
a limit structure on X into one on X — X. In the extension of T by one
universe of small types, a similar device, which they call a lens, reaches every
ordinal below ¢,,0, which is the easy half of a conjecture of Hancock that
one universe reaches exactly those ordinals (see e.g. [41]). We can reproduce
these constructions in our type theory and evaluate the codes by [—]s: to
get compact totally separated ordinals that classically dominate the ordinals
the codes denote (Theorem 6.16), and so dominate every ordinal below ¢, 0.

Our system E of inductive-recursive codes (Section 7) extends the Brouwer
codes, and in general it denotes strictly more compact ordinals (Remark 7.13).

In a different but related direction, Cherubini, Coquand, Geerligs and
Moeneclaey [6] develop synthetic foundations for Stone duality, using homo-
topy type theory as an internal language for the topos of light condensed
sets, extended with axioms strong enough to prove Markov’s principle and
LLPO. In their synthetic topology every map is continuous, and they give
a synthetic proof of Brouwer’s fixed-point theorem. Since a Stone space is
classically the same as a compact totally separated space, their work and
ours give type-theoretic accounts of the same classical notion from different
perspectives.
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8.3. Formalization. Every result above was formalized in Agda [38], before
this paper was written, in the TypeTopology repository [22], checked with
the -safe and -without-K flags, and hence with no postulates, and with the
necessary HoTT/UF principles as explicit assumptions of the results that
need them. The formalization is spread over the TypeTopology and Ordinals
directories in the repository, with auxiliary results in many other directories.
For easy reference, we produced a companion Agda file |21] for this paper,
which formalizes every definition, lemma, proposition, theorem, example and
remark, in the same order and under the same numbering, together with
the mathematical claims in running prose outside proofs. Its entries name
existing code.
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