BAR RECURSION AND PRODUCTS OF SELECTION FUNCTIONS

MARTIN ESCARDO AND PAULO OLIVA

Abstract. We show how two iterated products of selection functions can both be used in con-
junction with system T to interpret, via the dialectica interpretation and modified realizability, full
classical analysis. We also show that one iterated product is equivalent over system T to Spector’s
bar recursion, whereas the other is T-equivalent to modified bar recursion. Modified bar recursion
itself is shown to arise directly from the iteration of a different binary product of ‘skewed’ selection
functions. Iterations of the dependent binary products are also considered but in all cases are shown
to be T-equivalent to the iteration of the simple products.

§1. Introduction. Godel’s [13] so-called dialectica interpretation reduces the
consistency of Peano arithmetic to the consistency of the quantifier-free calcu-
lus of functionals T. In order to extend Godel’s interpretation to full classical
analysis PA“ + CA, Spector [19] made use of the fact that PA“ + CA can be
embedded, via the negative translation, into HA“ + ACn + DNS. Here PAY
and HA“ denote Peano and Heyting arithmetic, respectively, formulated in the
language of finite types, and

CA : IfN=ByyN(f(n) & A(n))
is full comprehension,

ACy : VNI A(n, x) — 3fVnA(n, fn)
is countable choice, and

DNS : VnN—=B(n) —» —-—VnB(n),
is the double negation shift, with A(n) and A(n, x) standing for arbitrary formu-
las, and B(n) = 3x—A(n, x). Since HAY + ACy, excluding the double negation
shift, has a straightforward (modified) realizability interpretation [21], as well
as a dialectica interpretation [1, 13], the remaining challenge is to give a com-
putational interpretation to DNS.

A computational interpretation of DNS was first given by Spector [19], via the
dialectica interpretation. Spector devised a form of recursion on well-founded
trees, nowadays known as bar recursion, and showed that the dialectica inter-
pretation of DNS can be witnessed by such kind of recursion. A computational
interpretation of DNS via realizability only came recently, first in [2], via a non-
standard form of realizability, and then in [4, 5], via Kreisel’s modified realiz-
ability. The realizability interpretation of DNS makes use of a new form of bar
recursion, termed modified bar recursion.
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It has been shown in [5] that Spector’s bar recursion is definable in system T
extended with modified bar recursion, but not conversely, since Spector’s bar
recursion is 51-S9 computable in the model of total continuous functionals, but
modified bar recursion is not.

In the present paper we revisit these functional interpretations of classical
analysis from the perspective of the newly developed theory of selection func-
tions [8, 9, 10, 11]. Selection functionals are functionals of type (X — R) — X,
for arbitrary finite types X, R. We think of mappings p: X — R as generalised
predicates, and of functionals €: (X — R) — X as witnessing, when possible,
the “non-emptiness” of any given such predicate. For instance, if R = B is the
set of booleans, Hilbert’s e-constant can be viewed as a selection function. Just
as e-terms in Hilbert’s calculus can be used to define the existential quantifier,
so can any selection function ¢: (X — R) — X be used to define a generalised
quantifier ¢: (X - R) — R as

o(p) = ple(p)).

Moreover, just like the usual quantifiers 3% and V¥ can be nested to produce a
quantifier on the product space X x Y, so can generalised quantifiers and selec-
tion functions. We prefer to think about the nesting of selection functions (and
quantifiers) as a product operation, since it transform selection functions over
spaces X and Y into a new selection function on the product space X x Y (cf.
[11]).

In this article we define two different iterations of the binary product of se-
lection functions, one which we call implicitly controlled and the other which we
call explicitly controlled. We show that:

¢ Modified bar recursion is T-equivalent to the implicitly controlled product
of selection functions.

e Spector’s bar recursion is T-equivalent to the explicitly controlled product
of selection functions.

o The two different products can be used to interpret DNS directly via mod-
ified realizability and the dialectica interpretation, respectively.

¢ The implicitly controlled product of selection functions is strictly stronger
than the explicitly controlled one.

¢ Apparently stronger iterations of the dependent products are in fact T-
equivalent to the iterations of the simple products.

§2. Preliminaries. Before we present our main results, let us first define the
formal systems used, and give an introduction to our recent work on selection
functions.

2.1. Heyting arithmetic and system T. In this section we define the formal
system used to prove the inter-definability results. These include Heyting arith-
metic in all finite types and extensions including bar induction and a continuity
principle.

DEFINITION 2.1 (Finite types). The set of all finite types T are defined induc-
tively as

o B (booleans) and N (integers) are in T
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o If XandY arein T then X x Y (product) and X — Y (functions) are in T
o If Xisin T then X* (finite sequence) is in T .

We will also make informal use of the following type construction: Given a sequence
of types (X;)ien we also consider I1;enX; as a type. The main purpose of this is to
make the constructions more readable, since we can keep track of the positions which
are being changed. A formal extension of system T with such type construction has
been considered by Tait [20], hence we also hope that our presentation below will extend
smoothly to a more general setting, although in this paper we focus on the standard
version of system T.

We use X, Y, Z for variables ranging over the elements of 7. We often write
HiXi for HiENXir and also Hiszi for HiXiJrk.

Let HA® be usual Heyting arithmetic in all finite types with a fully exten-
sional treatment of equality, as in the system E-HA® of [21]. Its quantifier-free
fragment is the usual Godel’s system T, also extended with sequence types.
Godel’s primitive recursion for each sequence of types (X;)ien € 7 is given by

Rfg0

X
Rfg(n+1) "=' fn(Rfgn)
where R has finite type I1,(X, — X, 4+1) — Xo — IL;X;. If the reader prefers,
however, she can assume that all X; are equal X and read IT;enyX; as X“. We
also assume that we have a constant 0% of each finite type X, and the usual

Xo

constructors and destructors such as (+X,5¥): X x Y and 7Ti(<53( O,siq}) = s,
where i = {0,1}, for instance. For the newly introduced sequence types we
have that if t: IT;X; then ti: X;; and if ¢t: X; then Ai.t: IL;X;. If s: IT,,X;, we
write s;: X; for the i-th element of the sequence, fori < n. If s: I, ,(X; x Y;)
is a sequence of pairs, we write s°: IT;,,X; and s': TI;,Y; for the projection
of the sequence on the first and second coordinates, respectively. If « has type
IT;en X; we use the following abbreviations

o = Ma(n+1i), (then-leftshiftof a, hence a”: IT;X,, ;)

q"(a) = qa"), (soq":TLX; — Rifq: I;X;; = R)

alk,n] = <La(k),...,a(n)), (finite segment from position k to n)

[¢](n) = a]0,n—1], (initial segment of a of length n)

w,n = («(0),...,a(n—1),0,0,...), (infinite extension of [«](n) with 0’s)

where in the last case the type of 0 at the i-th coordinate is the same type of
a(i). If x has type X, and s has type I1;-,X; then s = x is the concatenation of s
with x, which has type I1l;,,1X;. Similarly, if x has type Xy and « has type
IT; X; 11 then x # a has type I1; X;.

In the following we shall assume that certain types are discrete. Semantically,
in the model of total continuous functionals, discreteness means that singletons
are open or that all points are isolated. Syntactically, the following grammar
produces discrete types in that model (along with compact types) [8].
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DEFINITION 2.2 (Discrete and compact types). Define the two subsets of T in-
ductively as follows:

compact := B |compact x compact | discrete — compact
discrete = 1B |IN | discrete x discrete | discrete™ | compact — discrete.

For the first part of the paper, up to the end of Section 5, we work with a
model independent notion of definability. Formally, given a term ¢ in system T,
we view an equation F(x) = t(F, x) as defining or specifying a functional F. We
do not worry whether such an equation has a solution in any particular model
of HA®, or whether it is unique, when it has a solution. After this general
model-independent development we consider particular models in the final
section, and prove some non-definability results. The two main models we
will consider are that of partial/total continuous functionals [17], and strongly
majorizable functionals [7].

DEFINITION 2.3. We say that a functional G is T-definable from a functional F
(written G <t F) over a theory S if there exists a term s in system T such that s(F)
satisfies the defining equation of G provably in S. We say that F and G are T-equivalent
over S, written F =1 G,if G2t Fand F 27 G.

When stating in a theorem or proposition that G is T-definable in F, we will
explicitly write after the theorem /proposition number the theory S that is need
for the verification. In a few cases this theory will be an extension of HA“ with
the following two principles: Spector’s condition

SPEC : Vw'liXimNypliXigy (w(x7) < n),
and the scheme of relativised bar induction BI

5(<7)

YaeSInP([a](n)) — P(()),
A
Vs e S(Vx[S(s*x) » P(s*x)] — P(s))
where S(s) and P(s) are arbitrary predicates in the language of HA“, and a € S
and s € S are shorthands for VnS([a](n)) and S(s) respectively. When P(s) is
restricted to be quantifier-free we write Blg.
We note that SPEC follows from the axiom of continuity

CONT : ¥q "= Ryadnvp([a)(n) /=™ [8](n) — q(w) £ 4(B))
with R discrete, but it also holds in the model of strongly majorizable function-
als [7].

2.2. Selection functions and generalised quantifiers. In [11] we have stud-
ied the properties of functionals having the type (X — R) — R, and called
these generalised quantifiers. When R = B we have that (X — B) — B is the
type of the usual logical quantifiers V, 3. We also showed that some generalised
quantifiers ¢: (X — R) — R are attainable, in the sense that for some selection
function e: (X — R) — X, we have

¢p = plep)
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for all (generalised) predicates p. In the case when ¢ is the usual existential
quantifier, for instance, € corresponds to Hilbert’s epsilon term. Since the types
(X > R) - Rand (X — R) — X will be used quite often, we abbreviate them
as KrX and JrX, respectively. Moreover, when R is fixed, we often simply
write KX and X, omitting the subscript R. In [11] we also defined products of
quantifiers and selection functions.

DEFINITION 2.4 (Product of selection functions and quantifiers). Given gener-
alised quantifiers ¢: KX and : KY, define the product quantifier (p®@¢): K(X x Y)
as

(@) (PR 2 oA Ay p(xy))).

Also, given selection functions €: JX and §: JY, define the product selection function
(e®0): J(X xY)as

(e®@8)(pPXXY=R) XY (4, b(a))

where

e(Ax¥.p(x,b(x)))

S(Ay .p(x,y)).

One of the results we obtained is that the product of attainable quantifiers is
also attainable. This follows from the fact that the product of quantifiers corre-
sponds to the product of selection functions, as made precise in the following
lemma.

a

b(xX)

1=

LEMMA 2.5 ([11], lemma 3.1.2). Let R be fixed. Given a selection function € : | X,
define a quantifier €: KX as

&p = p(ep).
Then for e: [X and §: JY we have e® 6 = E® 0.

Given a finite sequence of selection functions or quantifiers, the two binary
products defined above can be iterated so as to give rise to finite products of
selection functions and quantifiers. We have shown that such a construction
also appears in game theory (backward induction), algorithms (backtracking),
and proof theory (interpretation of the infinite pigeon-hole principle) — see [11]
for details.

In the following (Sections 3 and 4) we will describe two possible ways of
iterating the binary product of selection function an infinite, or unbounded,
number of times.

§3. Explicitly Controlled Product. The finite product of selection functions
of Definition 2.4 can be infinitely iterated in two ways. The first, which we
define in this section is via an explicitly controlled iteration, which we will show
to correspond to Spector’s bar recursion. In the following section we also define
an implicitly controlled iteration, which we will show to correspond to modified
bar recursion.
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DEFINITION 3.1 (eps). Let e: ITiJ X} be a sequence of selection functions. Define
their explicitly controlled infinite product as

0 if1(g(0)) <n

1 Hi&+n
1) eps, (¢)(q) = { (en®eps, 1 (€))(q)  otherwise,

where q: I1;X;,, = Rand I: R — IN. We call | the length function since it controls
the length of the recursive path.

Given a sequence of selection functions e: II;J X}, at stage n we apply the
binary product of selection functions to ¢, and the result of the recursive call at
stage 1 + 1. That is done until the condition /(4(0)) < #n is met. In order to see
why such a condition is eventually met (assuming continuity, for instance) it is
best to look at the following equivalent formulation of eps.

LEMMA 3.2 (HAY). Let q: I1;X;,, — Rand 1: R — IN. The functional eps can
be equivalently defined as

’ X, | 0 if1(q(0)) <n
€psy, (S) (17) = I .
c+eps, . 1(e)(qc) otherwise,
where ¢ = en(/\x.epslnﬂ(s) (qx)); or even more generally
, 0 if 3s < t(1(gs(0)) < n+s|)
. Xz n
eps) (¢) () (1) "2 { N |
eiyn(Ax.eps;,, 1(€)(qtxx))  otherwise,

where t = [epsil(s)(q)](i).

PROOF. The first equivalent formulation is obtained by simply unfolding of
binary product of selection functions (Definition 2.4). For the second formula-
tion one uses course-of-values induction on i noticing that as soon as the condi-
tion 1(gs(0)) < n + |s| is satisfied for some s then the value of eps/, (¢)(q) (i) will
be 0 fori > |s|. —

The fact that eps exists in the model of total continuous functionals, and is
in fact uniquely characterized by its defining equation, can be seen as follows.
First, note that the eps,,(¢)(g) is an infinite sequence, say a: I';X;,,. Intuitively,
at each recursive call the functional g gets information about one more element
of its input sequence. Assuming continuity we will have that/oq: IT;; , X; - IN
will eventually always return a fixed value, no matter what the rest of the input
sequence is. This means that as n increases we will eventually have 1(g(0)) <
n. It is perhaps surprising that such a functional also exists in the model of
strongly majorizable functionals [7], which contains discontinuous functionals!
Following the construction of Bezem [7] one can prove this directly, but this
result will also follow from our result that eps is T-definable from Spector’s bar
recursion (Section 3.3).

We also define the corresponding explicitly controlled product of quantifiers
as follows:
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DEFINITION 3.3 (epq). Let ¢: IT KX be a sequence of quantifiers. Their explic-
itly controlled infinite product is defined as

(e 1(9(0)) <
pQH((P)(q) { (¢n®epq£‘+l(¢))(q) otherwise,

where q: 11; X4, = Rand I: R — IN. Unfolding the definition of the binary product
of quantifiers we have
9(0) if 1(q(0)) <n

! R
) epq,, (¢)(q) { n(Ax%r.epql | (9)(qx)) otherwise.

Note that under the assumption of epq we can derive Spector’s condition
SPEC. The same proofs as given in lemma 3C of [14], observing that the instance
of bar recursion needed there can be easily defined from epq.

LEMMA 3.4. HAY + (2) - SPEC.

First, we show that in terms of T-definability epq is stronger than eps. Al-
though care has to be taken when spelling out the details, the proof essen-
tially makes use of the fact that each selection function e defines a quantifier,
as ¢(p) = p(e(p)) (cf. Lemma 2.5).

THEOREM 3.5 (HA“ + BI). epq =7 eps.

PROOF. In order to define eps for the types (X;, R) we shall use epq for the
types (X;, I1;X;). The explicitly controlled product of quantifiers is related to
Spector’s general form of bar recursion as the explicitly controlled product of
selection functions is related to Spector’s “restricted form” of bar recursion (cf.
[18, 19]). Hence, the proof presented here that epq defines eps is essentially the
same as Spector’s proof that his restricted form of bar recursion follows from
the general form. Let us abbreviate R’ = IT;X;. Giveneg;: JgX;and g: I;X; — R
define ¢f’q: Kp/ X; as

©) P71 (p5 ) K ples (g (p(x))).
Given a: I; X; let o : I1;», X; be

a'(i) = a(i+n).
The construction a” drops the first # elements of a. Given g: I;>,X; — R let
qn: HiXi — Rbe

7" (@) = g(a").
Hence, q" behaves as g except that it ignores the first n elements of its input
sequence. We claim that eps can be defined from epq as

H'Xi n n n . . . .
) epsiy(2)(7) =" (epay ™ (@) (AaTTXrsi Mli<oXi s )",

We consider two cases. If [(q(0!i=1%i)) < 1 then we also have I(g" (0'1%i)) < n.
Therefore

—

eps,()(@) (1) L epale (997") (A 0Ti<n i w ) (1 + i)

= OXnJri.

—
—
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So, epsl, (e)(q) = 0'iXn+1 as desired.
On the other hand, if I(g(0'i=1%i)) > n, since this implies /(4" (0'i%)) > n, and

we have:

—
Nu?

epsh(e)(q) = (epay (") (Aa.0Mi<nXi 4 o))
2 (" (AxXnepqle T (¢947) (A 0<ni v ) )))"
= (@7 (A epal T (¢94" ) (A 0Mi<nXi wx w ) )"
= (epd, T (91" (A 0Ti<Xi s v )"
D (0 c) @epq? )" (95" (Ot X 1))

= (c= (epq;‘l(qc)wr1 ((pfr(ﬁc)”“)()ux.OHi<n+1Xi £a))rT)

= (cxeps, 1 (2)(c))

where
¢ = en(Ax¥rg"(epa, T (970") (A0 Xi x x )
e (AXrg (00 x) @epalelP)" (900" (A 01X 4 )
= ea(Ax%(g) " (epalr 07" (90" (A0 ir1Xi 4 1))
= eu(Ar% g (epa 1) (900" ) (A0t X )y
4)
= ey (Ax%n gy (epsh () (4:))).
Property

loqn )n+]

(+) epae T (971" ) (A0 x x v &) = (0+ x) @epal ™" (671" ) (A0 + )

follows by BI + SPEC. We take S(s) = true and

e log" ( E’qn)(ADCO*x*S*DC)_(O*JQ@ lo(qx)VH—l( 8,(@x)n+])(A 05 % )
pqn+]'+1 (P . = epqn+]«+1 (P . S * K

P(s)

where s: T, <i<;1jXi, s0 [s| = j, and q: I1;>,X; — Rsoq": I;X; — R.
By SPEC, for any «: I1;-,, X; there is a point j such that

(Fog")(0xx«[a](j)«p) = 1(q(x=[a](j) = p))
< n+j+1L

For such j and s = [«](j) it is easy to see that P(s) holds as both sides of P(s)
are equal to 0 = x = s = 0. That proves the base case of BL.
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Assume now that (IH) VyP(s = y) holds and let us prove P(s). We have

log"

epqn+]+1 (498"1")()&0(.0 # X kS k)

ZO n n
4>n+]+1(7\y-epqnﬁj+2(4>€"’ J(Aa.0 x5y +a))

(H . n
2 g (05 x) @epay By (909" (A0 w5 5y 5 a)

2 (04 x) @epap P (g0 ) (A w5 c v )

= (0+x) @equﬂ(?ﬁ;ﬂ (¢ ) (A0 53¢ 5 )

(0=x) @4)n+]+1 ()\]/ epqn_,(_]_,_)z (4’8’({1")“1)()\0&.0 #S kY QL))

2 (0 x)@epar ) (") (A0 #5 %0)

where
° Xn+1 n
¢ = e (A (05 1) @epsy L (@) ) (A0 55wy )
lo(gy )"+t n

= e (A0 epsy T (990 ) (A0 sy )

=: C.
That concludes the proof. -

Hence, we have shown that eps is T-definable in epq. The converse, that epq
is T-definable in eps has been recently shown in [18].

3.1. Dialectica interpretation of classical analysis. In order to find witnesses
for the dialectica interpretation of DNS, and hence full classical analysis, Spec-
tor arrived at the following system of equations

n N wa,
5) a(n)  E ealp),
pla(n)) = qa,

where ¢,: JgX and q: (N - X) —» Rand w: (N — X) — IN are given and
n:Nand a: N — X and p: X — R are the unknowns. We now show how eps
can be used to solve Spector’s equations. We first solve a slightly different set
of equations, and as a corollary we obtain a solution to Spector’s original one.

THEOREM 3.6 (HAY + (1)). Let q: I1;X; —» Rand l: R — N and e: IT;Jr X; be
given. Define

w = epsg(e)(q)

pul(x) = epsn+1(£)(q[a](n)*x>'
Forn < 1(q(«)) we have

lIg

en(pn)

=
=
—
2
—~
=
~—
~—
1=

qu.
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PROOF. This is essentially Spector’s proof (cf. lemma 11.5 of [16]). First, let
us show by induction that for all n the following holds:

(i)« = [a](n) = epsy(e) (Ga) (n))-

If n = 0 this follows by the definition of a. Assume this holds for n, we wish to
show it also holds for n + 1. Consider two cases.

(@) If 1(q[4)(n)(0)) = I(q(a, 7)) < n then epsfq(s)(q[a](n)) = 0 and hence

(IE)ocn—a n+ 1.

Therefore, [(g(a,n+ 1)) = I(q(x,71)) <n <n+1. So,
[a] (n +1)*ePSL+1()(4[a 1)) = n+1 =07 =
(b) If, on the other hand, 1(q(4)(,)(0)) = I(q(&,7)) > n, then

w2 a)(n) *eps;<s> () = [2)0r) =€ €031 (2) )

where ¢ = a(n). Hence a = [a](n 4 1) *eps!,_; (e ) (1) n+1)) That proves (i).

Now, assume n < I(g(a)). We first argue that (ii) n < I(q(x, 7 Otherw1se,
assuming n > 1(q(&,7)) = 1(q4(n)(0)) we would have, by (i), that &= w7
And hence, by extensionality, 7 > [(q[4)(,)(0)) = I(q(a)) > n, which is a con-
tradiction.

Hence, assuming n < I(g(«)) we have
a(n) = epsy(€)(qa)(m)(0)
= (en®eps,, 1 (€))(qa](n))(0)
= €0 (AXG[u) () ux (6P 1 (6) (G0 (n)2x)))
= en(Axeps), 1 (&) (q1a) (m)sx))
= en(pn)-
For the second equality, we have
pu(a(n)) = epsh,1(e)(G](ns1)
i) (n+1) (€PSh 11 (€) (A[aj(n+1)))

= g (n+1) +epst 1 () Ginsn) 2 q(a).

COROLLARY 3.7. For any given

&n ]RX
g : XNR
w : XNSN,

there are x: N — X and p: X — R satisfying equation (5).
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PROOF. Let R’ = R xIN,and let 7p: R x N — Rand 7r;: R x N — IN denote
the first and second projections. Define
RI
q'(@) = (), w(w))
e (PR en(Ax¥X.mo(p(x))).
sogq’: (N - X) - R and €),: Jp: X. Let
xN /
o = epsy'(€)(q)
R/
Pu(xX) = epsiy (€) (ly (nyur):
Assume n < w(a) = m1(q'(x)). By Theorem 3.6 we have
(

[

a(n) = eu(pn)
RI

Pula(n)) = qa
Finally, let n = w(a) and p(x) = pu(x) = mo(p),(x)). Then a and p satisfy the
desired equation, since €}, (p},) = €n(pn)- —|

3.2. Dependent variants of eps and epq. We have considered in previous pa-

pers [9, 11] a slight generalisation of the product of selection functions, where a
selection function (or a quantifier) at stage n can have access to the previously
computed values X; for i < n. We called this the dependent product of selection
functions and quantifiers.

DEFINITION 3.8 (Dependent product of selection functions and quantifiers).
Given a quantifier ¢ : KX and a family of quantifiers : X — KY, define the dependent
product quantifier (¢ ®; ¢): K(X x Y) as

(9@ ) (P R) £ p(Axp(x, Ay¥ p(x,1)).

Also, given a selection function e: [X and a family of selection functions 6: X — JY,
define the dependent product selection function (e ®46): J(X x Y) as

(£®q 6) (P R) X2 (4, b(a))

where

a S(AxX-P(x,b(x)))

b(x) 5(x, Ay¥.p(x,)).

As done for the simple product of selection functions and quantifiers, we can
also iterate the dependent products as follows:

1=

DEFINITION 3.9 (EPS and EPQ). Given a family of selection functions
e: I (T X — JX),
define their dependent explicitly controlled product (denoted EPS) as
0 if 1(g(0)) < |s|

6) EPSi(e)() =
© EPSi(e)(a) {@s@dmxxs EPSL(e)))(q)  otherwise.
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As done for eps in Lemma 3.2, EPS can also be equivalently formulated as

| - if 3r < (1(9,(0)) < [s] + Ir)
EPS!(c) () (1) S

st (AXT1HEPS, 1,00 (€)(gxx)) otherwise,
where t = [EPSL(¢)(9)](i).
Moreover, given a family of quantifiers
¢: T (T X; — KX),

define their dependent explicitly controlled product (denoted EPQ) as
9(0) if 1(q(0)) <s|
(s @ (Ax¥.EPQL, (¢)))(g) otherwise.

In the dialectica interpretation of DNS given above (Section 3.1), the selection
functions ¢, do not depend on the history of choices already made. Thus, it
was sufficient to use an iteration of the simple product of selection functions.
Nevertheless, Spector bar recursion and modified bar recursion are normally
formulated in the most general form, where selection functions at point n have
access to the values i < n.

Clearly eps is T-definable from EPS. We now show that in fact eps and EPS
are T-equivalent.

THEOREM 3.10 (HA®). eps =1 EPS.

! I X5 4
(7) EPQs(¢)(q) = {

PROOEF. To define EPS of type (Xi, R) we use eps of type (IT;.1X; — Xi, R).
The idea is to make use of a construction of type
(X—)]Y) —)](X—)Y)

that turns a family of selection function into a single selection function of a (pos-
sibly) higher type level. Hence, a family of selection functions ¢ : IT;  X; —
J X can be turned into a sequence of selection functions &;: J(IT;;X; — Xj) as

i<k Xim X Astli<kXi g (AyXk P(At.y)).
Given /: R — N, the infinite (simple) product of selection functions gives

epsy(@) (i (M Xic = X;)).
The dependent product can then be defined as

) rs HiXjg 4 -
EPSL(e) (g Xi1+7R) L (eps (8 (%)),
) X@H

where s: ITj; Xy and a°(i a(i)(s = [«°](7)) and ¢°(x) = q(a®). We must
show that EPS as defined above satisfies the defining equation (6). We do this
by course-of-values induction on i. Let

= [EPSL(e)(@)](1) ‘= [(epsl, (&) ()] (),
where q: IT; Xy ; —» Rand ¢°: T (IT; g 14 Xi = X5/ 4x) — R. If for some u <
we have 1(q,(0)) < |s| + |u| the result is trivial, because (4°),/(0) = g,(0) for
some 1’ < t' = [eps_ (£)(¢°)](i), and hence (epsis‘ (8)(¢°))%(i) = 0. On the other

Is|

& (PMi<kXi—>X) R
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hand, assuming Vu < t 1(q,4(0)) > |s| + |u|, unfolding definitions we have:
Abbreviating u = [eps‘s‘( &) (q°)](@)

EPSL(e)(g) (i) 2 (epsl, () (")) ()
= epsl (B)(3°) () (s % 1)
2 qsw (8 ) (€05l 141 (B)((3°)ung))) (s %)
x.(q°) (

qs)u*/\r.x)))

X.Gtxx (eps\s\+z+1( ) (4% usara))T*¥)
s*t*x))s*t*x)

g
UHAr.X (eps| |[+i+1 (~) (

Esut(A
= egu(A XQt*x(eps‘sHl+1( &) ((qeex)
= €s*t()\x Qt*x(EPSs*t*x( )(qt*x)))

SS*t()‘x'EPSs*t*x (€)(qrex))-
We have used the following facts which are easy to verify

(i) (txa)’ =t (a)**, forallt,s,a,

(ii) u® =t,fort,s and u as above.
_'

QUESTION 3.11. Note that a similar construction does not work in the case of quan-
tifiers, since there is no A-term of type (X — KY) — K(X — Y), for arbitrary X and
Y. In fact, in the case of quantifiers it is still open whether the simple explicitly con-
trolled iteration is T-equivalent to the explicitly controlled iteration of the dependent
product of quantifiers.

3.3. Relation to Spector’s bar recursion. As we have shown in Theorem 3.6,
which is essentially Spector’s solution, the explicitly controlled product of se-
lection functions eps can also be used to give a computational interpretation of
classical analysis. When presenting his solution in [19], Spector first formulates
a general “construction by bar recursion” as

w R qs(0) if ws(0) < s
BRY (¢)(q) = { 4)5()\xX‘ s.BRY,(¢) (7)) otherwise,

where ¢s: KgXjg, q: I;X; »> Rand w: I1;X; — IN. This is usually referred to as
Spector’s bar recursion, but we argue that this is misleading. We show that BR is
closely related to the product of quantifiers EPQ, whereas the special case of this
used by Spector is equivalent to the (dependent) product of selection functions
EPS, which we have shown to be equivalent to eps (Section 3.2).

REMARK 3.12. In fact, Spector’s definition seems slightly more general than BR
as defined here, since in Spector’s definition q might also depend on the length of the
sequence s. As we show in Lemma 5.1, however, it is possible to reconstruct |s| from the
sequence s + 0 if s is the point where Spector’s condition first happens.

THEOREM 3.13 (HA“ + BI). BR =1 EPQ.
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PROOF. In order to define EPQ of type (X;, R) we use BR of the same type
(X;,R). BR and EPQ has very similar definitions, except that in BR the stop-
ping condition is given directly on the current sequence s # 0, whereas in EPQ
a “length” function /: R — IN is used so that the stopping condition involves
the composition / o 4. Hence, in order to define EPQ from BR it is essentially
enough to take w = [ o g, taking care of the fact that the types of g in EPQ and
BR are slightly different as g in EPQ takes a “shorter” input sequence starting
at point |s|. Define

EPQL(¢)(q) = BRT (¢)(q).
If (10 g1¥)5(0) = 1(g(0)) < |s| then

EPQL(9)(g) = BRE" (#)(9")) = (311):(0) = g(0).
On the other hand, if (I o g1¥)5(0) = 1(g5(0)) > |s| then

EPQL(¢)(g) = BRET (¢)(g"))

= ¢ (A9 BREL () (gH)
s (AxXss BREE) (@) ((gx)5)
= ¢s(Ax".EPQLyy(9)(9x))

= (¢ @ AHLEPQur (9))(9)

where (+) BRifkq,!S‘ (¢)(qhh) = BRii(ﬁ'Y)‘s*ﬂ (¢)((gx)1***!) can, as in Theorem 3.5,
be proved by SPEC and BI, since g/ (s # x  a) = (g,)!5*¥/(s # x * a). Recall that
HA® + BR + SPEC (cf. Lemma 3.4). —

Spector, however, explicitly says that only a restricted form of BR is used for
the dialectica interpretation of (the negative translation of) countable choice. It
is this restricted form that we shall from now on call Spector’s bar recursion:

DEFINITION 3.14 (Spector’s bar recursion). Spector’s bar recursion [19] is the re-
cursion schema

X 0 if ws(0) < s
®) SBRY(¢) ' s@ (0) <l
SBRY,.(¢) otherwise,

XS
where ¢ ‘& es(AxX1s SBRY, (), and where e Jx; Xjs) and w: 11;X; — IN.

We now show that Spector’s bar recursion is T-definable from the explicitly
controlled product of selection functions EPS. It will follow for other results
that they are in fact T-equivalent (see Figure 1).

THEOREM 3.15 (HA®). EPS >1 SBR.

PROOF. To define SBR of type (X;) we use EPS of type (X, (I;X;) x IN). EPS
and SBR have very similar definitions, except that EPS has an extra argument
q: 15 Xi — R. We can obtain SBR from EPS by simply taking g(«) to be the
identity function plus the stopping value w(«). So, the length function /: R —
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N can be taken to the the second projection. The details are as follows: Let
R =T1I;X; x N. Given w: IT;X; — IN and ¢5: Jix; X define

1(rR) NG

g(@ Xy £ w(a))

>

@

€S(PX‘S‘HR) es(mp o p).
Define
SBRY(e) "X 5 4+ EPSL (2) (4).

If ws(0) < |s| then

SBRY(¢) = s+EPSL(8)(q¥)
= s5x0
= 5@0.
Assume now that ws(0) = |s|. We then have
SBRY(e) = s#EPSL(8)(q¥)
= S*C* EPSé*c(é)(qgc)
= SBRY.(¢)
where
¢ = E(Axg(EPSL () (94)))
= es(Axssxs EPSé*x(S)(qg:kx))
= &(Ax.SBRY(¢))
which concludes the proof. =

§4. Implicitly Controlled Product. We have seen in Section 3 above that the
explicitly controlled iterated product of selection functions is sufficient to wit-
ness the dialectica interpretation of the double negation shift (and hence, classi-
cal countable choice). In this section we show that when interpreting this same
principle via modified realizability, one seems to need an unrestricted or, as we
we shall call it, implicitly controlled infinite product of selection functions.

DEFINITION 4.1 (ips). The implicitly controlled product of a family e: IT; J X of
selection functions is defined as

](Hii(iJrn)

ips,(e) " =" €, ®ips,1(€).
Unfolding the definition of ®, this is the same as
. I X . .
©) ips, (€)(q) =" en(Ax.qx(ips,11(€) (qx))) * iPSy 41 () (4c)-

c

We call the above infinite product implicitly controlled because under the as-
sumption of continuity for functionals of type I1;X;,, — R, for discrete R, the
bar recursive calls eventually terminate. Unwinding the definition of the binary
product, ips can also be equivalently formulated as follows.
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LEMMA 4.2 (HAY). The functional ips can be equivalently defined by the equation

Xn+i

ips (€)(7) (1) " € i (Ax™1.ips, 11 (€) (qswx)
where q: 11;X,.; — Rand s = [ips,(¢)(q)] (7).

PROOF. By unfolding the definition of the binary product of selection func-
tions using course-of-values induction. =

4.1. Realizability interpretation of classical analysis. We now describe how
ips can be used to interpret the double negation shift (and hence countable
choice) via modified realizability. As discussed in the introduction, a computa-
tional interpretation of full classical analysis can be reduced to an interpretation
of the double negation shift DNS. Given that the formula A(#) (in DNS) can be
assumed to be of the form 3x—B(#n, x), DNS is equivalent to

Vn((A(n) »L1) - A(n)) » (YnA(n) -»L1) - VnA(n).
That is because, for A(n) = Ix—B(n,x), we have both L > A(n) and L —
VnA(n) in minimal logic. Moreover, since the negative translation brings us into
minimal logic, falsity L can be replaced by an arbitrary £9-formula R. This is

known as the (refined) A-translation [6], and is useful to analyse proofs of I
theorems in analysis. Recall that we are using the abbreviation

JRA = (A - R) - A.
The resulting principle we obtain is what we shall call the J-shift

J-shift : VnJrA(n) — JrVnA(n).
DNS is then the particular case of the K-shift

K-shift : VnKrA(n) - KrVnA(n),
when R =1; considering the other type construction

KrA=(A—>R) >R
One advantage of moving to the J-shift is that A(n) now can be taken to be an
arbitrary formula, not necessarily of the form 3x—B(n, x). Hence the principle
J-shift is more general than DNS. We analyse the logical strength of the principle
J-shift in more detail in [10], where a proof translation based on the construc-
tion JrA is also defined. Our proof of the following theorem is very similar to
that of [4, Theorem 3]. We assume continuity and relativised bar induction as
formulated in Section 2.1.

THEOREM 4.3 (HA” + BI + CONT). ipsq modified realizes J-shift.

PROOEF. Given a term t and a formula A we write “t mr A” for “t modified
realizes A” (see [21] for definition). Assume that

en. mr (A(n) - R)— A(n),
g mr VnA(n)—R.
We show Vse S VnP(s, n) by relativised bar induction, where
P(s,n) = (s = ips|s| (e)(gs))(n) mr A(n)
and the predicate used in the relativisation is
seS=Vn<ls|(symrA(n)).
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Formally, we are making use of an equivalent so-called monotone variant of Bl
in which the conclusion P({)) can be strengthened to Vs € S P(s), given that we
can prove Ya®3kVt > [a](k)P(t) instead of Ya®3kP([a](k)).

We write w € S as an abbreviation for Vn([a](n) € S). The first assumption of BI
(i.e. S({)))is vacuously true. We now prove the other two assumptions.

(i) Vae S 3kVt > [a](k) VnP(t,n), where t > s means that t is an extension of the
finite sequence s. Given a we pick k to be the point of continuity of g on a. The
result follows simply by unfolding the definition of ips.

(ii) VseS(Vt,x(s«txxeS — VnP(s«t=x,n)) - VnP(s,n)). Lets e S and as-
sume

(@) Vt,x(s*t*xeS — VnP(s#*t=*x,n)).
We prove YnP(s, n) by course-of-values induction. Assume Yk <n P(s, k), i.e.
(b) Vk<n ((s =ipsjs (€)(qs)) (k) mr A(k)).
We want to show (s # ipsis|(¢)(qs)) (1) mr A(n). If n < |s| we are done, since in
this case (s = ipsj;| (¢)(4s)) () = sn (and s € S). Assume 1 > |s|. Then our goal
becomes
en(AX®" Goxtsx (1P 11 (€) (gsxtx))) mr A(n),
where t = [ipsj;| (¢)(4s)](n — |s|). This follows from
AXX Gostn (10511 (€) (qstnx)) mr A(m) — R
which, by definition, is
VaxXr(xmr A(n) — Gontrx (iPSp 11 (€) (Gsntex)) mrR).
Let x such that x mr A(n). By our assumption (b) we have thats =t * x € S. And

by assumption (a) we get (s # ¢ # x # ips, | 1(€) (gsxtxx)) mr VA (n). The proof is
then concluded by the assumption that g mrVnA(n) — R. —|

4.2. Dependent variant of ips. The proof given for the equivalence between
EPS and eps in Section 3.2 can be easily adapted to show that also ips is T-
equivalent to its dependent variant IPS.

DEFINITION 4.4 (IPS). Let e: ITi(I1;.4 X; — JX)). Define the dependent im-
plicitly controlled product of selection functions (denoted IPS) as

IT; X g1 4
1PSs(e) "R ¢ @y (A IPS,ux (e)).

As in Lemma 4.2 for ips, we can also equivalently define IPS as

IPS«(e) () () L Xio+i TPSarran(e)
s Q)(l) = 8s=x=t()\x Isl ‘lpss*t*x(e)(%*x))r

where t = [IPS;(¢)(q)] (7).

We again use the fact that a family of selection functions I'l; 4 X; — JXj can
be turned into a single section function J(IT;_xX; — X) in order to simulate
IPS over T using ips.

THEOREM 4.5 (HAY). IPS =7 ips.
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PROOF. It is clear that IPS is a generalisation of ips. We now show that IPS
is T-definable from ips, following the same ideas used to show that EPS is T-
equivalent to eps (Section 3.2). In fact, the proof here is slightly simpler since
we do not have to worry about the length function /. Let & be as defined in
Lemma 3.10. The infinite (simple) product of selection functions applied to &
gives

ipsg(8) ¢ JILi(Ih<i Xy — Xj)).
IPS can then be defined as, where s: IT;_; X} so that |s| = i,

1PSs(e) (@ 5H=R) I (o (8) (q1))
X;

where als! (i) = a(i) (s # 1)) (1)) and ¢! («) = g(al*)). Unfolding the definitions
PSo(e) (@) (i) L (ipsiq (8)(q)(7)
= ips () (gF) (i) (s % 1)
D4.4

= E\s|-&-i(/\f'(q[s])u>x<f(ip5|s|-&-i—|-l (E)((q[s})u*f)))(s )
= ES*t(/\x-(q[S] u*/\r.x(ips\s\+i+1(g)((q[s])tt*Ar.x)))

)
= st /\x'qt*x(ips\s|+i+1 (é)((q[s] )u*)\r.x))[s*t*x})
(
(

st (AX-Ga (1PSg| 1.1 (8) (G P33T [0
Ax.Gtix (IPSsstex (€) (qtex)))
= €out(AXAPSsutsex (€) (Gesx))
where t = [(ips|| (&) (g1))] (i) and u = [ips|s| () (g°1](i). We used that
(i) (tx )l = ¢« als*] forall t,s, a,
(ii) ul) =t fort,s and u as above

(iii) (q[s])u*/\r.x = (qt*x)

= Esut

(
(
(
(

[stxx]

REMARK 4.6. Notice that an implicitly controlled product of quantifiers IPQ
(10) IPQs(¢) = ¢s ®4 Ax.IPQssx ()

does not exist, in the sense that the equation above is inconsistent. It is enough to
consider the case when R = B and X; = B. Take ¢s(p) = —p(true). Moreover, take q
to be any constant function. Then, we have

IPQy(9)(7) = ¢y (AxIPQey () (4x))
= _‘|PQ<true> ((P) (qtrue)
= _‘|PQ<true> (47) (q)

= —IPQ:y(¢)(q),

as q = qerue since q is constant, and IPQ,y(¢) = IPQy(¢) since the quantifiers ¢
do not depend on s. See also section 5.6 of [11] where a different arqument is given in
the specific case of the model of continuous functionals.
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4.3. Relation to modified bar recursion. The proof that ips interprets full
classical analysis, via modified realizability, is very similar to the one given in
[4, 5] that modified bar recursion MBR interprets full classical analysis. In this
section we show how MBR corresponds directly to the infinite iteration of a dif-
ferent form of binary product of selection functions. We also show (Sections 5.2
and 5.3) that this different product when iterated leads to a form of bar recur-
sion (MBR) which is nevertheless T-equivalent to IPS.

DEFINITION 4.7. Given a function e € (X — R) — X x Y and a selection function
8 € JY define a selection function e®d € [(X x Y) as

(e®8)(p) "2 e(Ax.p(x,b(x)))

where b(x) Ls (Ay.p(x,y)). We shall also consider a dependent version ®; of the
product where 6: X — JY and b(x) = 6(x, Ay.p(x,y)).

The above construction shows how a mapping of type (X - R) - X x Y
can be extended to a selection function on the product space, given a selection
function on Y. We shall use this with X = X, and Y = I1;X;. 11, so that we
obtain a selection function in J(IT; X;,,,).

DEFINITION 4.8 (mbr). Let €,: (X, — R) — 11;X,,4; and ¢ = (en)neN- Define
the iterated skewed product mbr as

I X,
mbrn (E) j( 1:11+l)

Unfolding the definition of ® we have

en ®mbr, 1 (e).

I X4
(11) mbry (€)(q) =" en(Ax.gx(mbryi1(€)(9x))-
Define also the dependent iterated skewed product MBR

JILXg4)
(12) MBRs(e) = = &5 ®; (Ax.MBRgxx(¢)),
where in this case es: (X5 = R) — I1; X4 We name this mbr and MBR because
we will show this is essentially modified bar recursion as defined in [4, 5].

We think of € as a sequence of skewed selection functions. The idea is that some-
times a witness for X} is automatically a witness for all types X; for i > k. In
such cases, a selection function ¢,,: (X, — R) — X, gives rise to a skewed se-
lection function ¢,,: (X, — R) — II;»,X;, so that the more intricate product
of selection functions (Definition 2.4) can be replaced by the simpler product
given in Definition 4.7.

As with IPS and EPS (Sections 3.2 and 4.2), we now show that also the simple
iterated skewed product mbr (cf. Section 4.3) is T-equivalent to its dependent
variant MBR.

THEOREM 4.9 (HA“). mbr >7 MBR.

PROOF. Given a sequence of types X; let
Yj =B x (Hi<]'Xi — Hka+k).
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In order to define MBR of type (X;, R) we use mbr of type (Y}, R). The intuition
for the construction below is the same as the one used to show that eps T-defines
EPS (Theorem 3.10), except that here we need an extra boolean flag as the whole
result of the skewed selection function will be returned on the first position of
the output. The flag is used so that functions quering such sequences can know
which are proper values and which are dummy values.
For any given &s: (X; — R) — [Ty X;t, where s: T1;;X;, define
£z (Y = R) = Y
by
(tt, At<iXi g, (Ax%i P(8))) ifk =0,
5; (PYj—>R) (k) /*k
(ff, OHi<j+kXi—>Hin+k+i> ifk>0,
where £ = (tt, As'li<i%i (x%i,0%+1,0%+2, . )}, The simple skewed product of &
gives mbrg(€): J(I1;Y;). Hence, MBR can then be defined from mbr as
ITiXs) 1
MBRs (e) (g X4+57) = (mbry (2) (91))
Here, for a: I1;Y;|, ;, we are defining

gy Y [FERPIONO)ifa() = G e
- g(s# [al])(n))(i —n) otherwise,
where 7 is the the greatest n < i such that a(n) is of the form (tt,¢) (or n = i

if such does not exist). Note that al*: IT; X5 - Also, for g: I1; X ;; —» R we
define

g (@) £ q(al)

so gl I1;Y)5 i — R. Unfolding the definitions we have

MBRs(e)(q) = (mbrig (e)(g))l
(AP p(mbr @) ((0)0))
L e (A s (mbrig 1 (9)(())))
E (A g ((mbri (O)((92) ) )
= es(A AxXis qx(MBRsxx () (qx))),
using
(D) (& (F)F = es(Ax.F(%))
(i) (49)2(a) = q((2 * 0)F) = g (al*) = (g.) ] ()
which can be shown directly from the definitions of ¢*/, ¥ and #. =

We now show that a slight generalisation of modified bar recursion [4, 5] is
T-equivalent to the iterated product of skewed selection functions.

THEOREM 4.10 (HA®“ + BI + CONT). Define MBR' as

(13) MBR(e)(7) "2 s & e5(Ax™1.g(MBRL, (€) (1))
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where q: T1;X; — Rand es: (X — R) — IL;X|s4;- Then MBR and MBR’ are
T-equivalent.

PROOF. MBR' is a generalisation of modified bar recursion (as defined in [4,
5]) to sequence types. If all X; = X we have precisely the definition given in
[4, 5]. For one direction, let q: I1;X; — R and s: 11;, X; and define

MBR/(¢)(q) "2 s + MBRq(e) (5.
Unfolding definitions we have
MBR{(e)(9) = s=MBRs(e)(qs)
=" s ((es®; Ax.MBRsxx(€))(gs))
=" 5w es(AXX Gsur (MBRssx (€) (dsux)))
= sres(AxTI1g(s # x * MBRssx (€) (Gssx)))

= s#e(Ax¥g(MBRL. (e)()))-
For the other direction, let q: I1; X5, ; = R. Define

i X s 44 /
MBR.(e)(q) | = MBR<>(/\t.Ss*t)(q)'
We then have
MBR,(e)(q) = MBR’<>(/\t.sS*t)(‘1)
(g) € (/\xX|s| q(MBR;C()Ltes*t)(q)))
D e (0 (B (1100 4)
= es(AxH.qx(MBRsux (¢) (42))),
where

(+) MBR.,, (AMt.esxt)(g) = x * MBRL(At.€guxst)(gx)

can be proven by bar induction on the sequence r, assuming continuity of g
(similar to Theorem 3.5). —

COROLLARY 4.11. Gandy’s functional T is T-equivalent to MBR with X; = IN for
allie N.

PROOF. It has been shown in [5] that the I functional is T-equivalent to MBR
of lowest type. It remains to observe that the equivalence of Theorem 4.10 re-
spects the types. —

QUESTION 4.12. It should be mentioned that in [2] yet another form of bar recur-
sion is used for the interpretation of the double negation shift (although they also use
modified bar recursion when dealing with dependent choice). We refer to this different
bar recursion as the bbc functional. It completely open how the bbc functional fits into
the picture in Figure 1. For more information on the bbc functional see [3].

§5. Further Inter-definability Results. In this section we prove three further
inter-definability results, namely IPS > EPQ, ips = mbr and MBR > IPS.
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5.1. IPS > EPQ. It has been shown in [5] that BR is T-definable from modi-
fied bar recursion. Here we simplify that construction and use it to show that
EPQ is T-definable from IPS. Moreover, we make explicit the assumption in [5]
that for all w: IT;X; — IN and «: IT;X; there exists an n such that w(a,77) < n,
ie.
(14) VwVadn(w(w,n) < n).
First we prove that (the totalisation of) Spector’s search functional is definable in
Godel’s system T.

LEMMA 5.1 (HA®). The totalisation of Spector’s search functional

Hse(w) (@) = least n(w(®&,71) < n)
is T-definable. Move precisely, there exists a term t in Godel’s system T such that the
following is provable in HAY
In(w(@n) <n) - (w(a, twa) < twa AVi < twa(w(a,i) = i)).

In particular, HAY + (14) + w(a, twa) < twa.

PROOF. We show how the unbounded search in psc can be turned into a

bounded search. Abbreviate A, (w, ) = (w(&,7) < n). Consider the following
construction, given a: I1;X; define a“: I1;X; as
0%i ifIk<i+1A(w,a
av(i) = (w,)
(i) otherwise.
Assume In(w(w,71) < n). Let n is the least number such that A, (w,«) holds.
Then it is easy to see that # = a,n — 1. Because 7 is least, we must have that

w(a¥) = n—1, and hence n < w(a®) + 1. Therefore, w(a®) + 1 serves as an
upper bound on the search psgc, i.e. twa = un < w(a®) + 1(w(x,7) < n). =

The construction above shows that Spector’s search functional can be made
total in system T, so that whenever it is well-defined for inputs w and « the
term t indeed computes the right value.

REMARK 5.2. In particular we have that bar recursion BR as formulated in Sec-

tion 3.3 is T-equivalent to the version BR where we slightly change the stopping con-
dition to guarantee monotonicity, as used in [12],

w R q:(0) if It <s(w(0) < |t])
BR, (‘P)(q) = X 55w .
s (Ax?s.BRg . (¢)(q)) otherwise,
where t (in q;(0)) is the shortest t such that w(F) < |t|. Indeed, given w, we can define
@(a) = psc(w)(a)

so that once @;(0) < |s| holds for some sequence s then it also holds for all extensions
of s. The same holds for SBR.

THEOREM 5.3 (HAY + (14)). IPS >1 EPQ.

PROOF. We use a generalisation of the search operator above, namely

pk (w)(a) = least n(w (&) < k +n),
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which is clearly definable in pisc. Let ¢5: KgX|y be a given family of quantifiers.
Let also X w Y denote the sum of types X and Y, which can be implemented as
B x X x Y, since we assume all types are inhabited. Let injy: X - X w Y and
injy: X w Y be the standard injections. We first turn each family of quantifiers
Ps: KrX|5, where s: IT; 5 X, into a family of selection functions P; of type
Jr(X}y) w R), where t: IT;_ | (X; w R), as

N WR)>Ry XIHER .
(X R=R) T injie (A F(injy, %))

where (+): ITj-,(X; w R) — I, X; is defined as
x| if s; = injx, (x;)
(5)i =

We will also make use of the dual operation that given an s: I'l;, X; injects
this into §: IT;,(X; w R). Finally, given s: I, .;X; and g4: I;X;,; — R and
w: IT;X; — N define g*~: TT;( Xy, ; w R) — R as

Hi(XkaﬂR)) R { q([&](N) *0> if Vi<N(D¢(i) € Xk+z')

0% otherwise.

w,s
9 (a .
a otherwise,

where N = y'ssc| (ws)(&) and a(pi < N (a(i) € R)) = injg(a). By Lemma 5.1,
under the assumption (14), 4“7 is T-definable. Intuitively, when g“*° reads an
input sequence « it uses Spector’s search functional on w to compute the point
N where Spector’s condition is satisfied in &. If all values in « up to that point
are X; values, then we apply g. Otherwise, some value is encoding the return of
the computation R, and the first such value is then returned. We claim that

X >Ry R x

EPQY (1) (g7 5) = g2 (IS () (4))
does the job. Let us unfold the definitions. We consider two cases.
Assume first that w(8) < |s|. Then

EPQY(¥)(q) g (IPS5() (4))
= q(0),
since in this case N = ‘u‘sf;‘ (ws) (&) = 0.
On the other hand, if w;(0) > |s|, we have
EPQY(p)(q) = q°(IPSs(9)(9“*))
=" g9 (e (AR (g9%)u (IPSs(§) (97 )u)) # )
= lpS(Ax'(qw's)injxlsl (x)(IPSs'*ian‘S‘ (x) (@)((qw’s)injxlslm)))
= s (Ax(q2) T (IPSz () ((92)°*)))
= Ps(AxEPQG(¥)(4x))
= (¢ @4 A EPQG (¥)) (9),

—~—

noticing that (i) (q“"s)injxl @) () = (gx)“***(a) and (i7) § * injx,, (x) =s*x. H
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REMARK 5.4. As shown in [14, 15], if one extends system T with Spector’s bar
recursion, one can actually prove (14). Hence, the result above says that in all models
of system T where EPQ could exist, it indeed does whenever |PS also exists. We leave
it as an open question whether |PS already defines EPQ without assuming (14).

5.2. ips = mbr. We now show that MBR and IPS are T-equivalent. In this
section we show that MBR is T-definable from IPS. The converse will be shown
in the following section. Given that mbr T-defines MBR, it is enough to show
that ips =7 mbr

THEOREM 5.5 (HAY). ips =7 mbr.

PROOF. Given a type X let us denote by X’ the type B x X. In order to define
mbr of type (X, R) we use ips of type (X!, R). The main idea for the construction
is that we can turn a skewed selection function into a proper selection functions
as follows. Given skewed selection functions ¢;: (X; — R) — IT;X;, ; we define

selection functions &;: J(IT;X] +]-) as

. I X!,
&N RY TS AL, e (A KL F(2)) ()
where

» G xXiy i j=0
X =
(tt, 0%y if j > 0.

Intuitively, the booleans {tt, ff} are used to distinguish between values returned
by ¢; and those values £ passed into a recursive call. Hence, givenag: I1;X;,; —
Rwe define §: I—Ik(l_[]-X1{+k+j) — Rasj(a) = q(&) where, given a: Hk(anZ{+k+j)
we define &: I1;X; ; as

i) { (a(j)(0))1 if Vk <j ((a(k)(0))o = tt
(a(k)(j—k))1 otherwise,

where k = pk <j(a(k)(0))o = ff. The construction & receives as input a matrix
a: ITIT;>;X; and produces a sequence I1;X; as follows: As long as the value
of a(j)(0) is some £ (boolean will be tt) we filter out the x; once we reach a
value returned by an ¢; (boolean will be ff) then we return the whole sequence
returned by the skewed selection function ;. We claim that mbr can be defined
as

mbri(e) () =" ((ips;(&) () 0))1

where ¢;: (X; — R) — I1;X;;; and g: TT;X;,; — R. Recall that given a sequence
B: i, (X; x Y;) we write ,81 : IT;,Y; for the projection of the sequence on the
second coordinates. Unfolding definitions
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I Xy
mbri(e)(q) =" (ipsi(8)(d >< >>1
142) ()ux 1541 G (ipsi 11 (8) (da))))

ei(Ax™1.q5 (ipsi11(8) (42)))
£ (AxX.(g.) (ipsi41(8) ((g1))))
( (
( (4

—
~

—
~

i(AxX1 g ((ipsi1 (£) ((9:))(0))1))
)

)
QX(mberrl( €)(qx))

= (&®mbrii1(¢))(q),

i

using that
() 3e() = (3)(B)._ N
(if) B = (ipsi11(2)((4x))(0))", for B = ipsi 1 (8) ((gx)):
_|

5.3. MBR > IPS. We now show that the implicitly controlled product of se-
lection functions IPS is T-definable from (and hence T-equivalent to) modified
bar recursion MBR.

THEOREM 5.6 (HAY). MBR =7 IPS.

PROOF. Let Y, = %;I1,<j<;X;. We will show that IPS of type (X;,R) is T-
definable from MBR of type (Y;, R). We make use of the following two map-
pings: G: X; — Y; is defined as

G(x¥) L (x)
and F: Hi}nYi g Hi}nxi

F(@)(i) = a(j) (1)
where j < i is the first position such that i < j + |«(j)|. One can think of F(«) as
concatenating a given sequence of finite sequences «(i). We will also apply G
to sequences, with the understanding that this means applying G pointwise.
Given selection functions &;: | RX‘S‘ define, by course-of-values, skewed selec-
tion functions of type
vri (Y = R) = ILY 4

where r: IT; |, Y;, as

U (PR () "2 G(ep(pury (A4 P(((FE) # )))

H]<1 [rl+j

wheret =" [1,(PTM™R)](i). Also, giveng: T1;>,X; — Rdefine §: I1;>,Y; —
Ras

. R
q(a) = q(Fa).
We claim that IPS can be defined from MBR as

IPSs () (q) F(MBRgs(v)(4)),

T X4
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which can be shown as follows:

IPSo(e)(g)(1) 2 F(MBRes(v)(9)) (i)
F(vgs(Ay M.y (MBR G5 (1) (3)))) ()

—
=

)
Ss*f(Ax'qG*x)(MBR(GS)*G*x)(U)(‘7({*3{))
€qf (AX. [y (F (MBR(GS)*<t*x>( )(qt*x))
(i
= Equf (AX. [y (F (MBRG(s*t*x( )(%*x))))
s*t( (

F(AX .Gy IPSs*t*x( )(%*x)))
where, for j < i, defining f = [IPS;(¢)(q)](i), we have

E(t)(j) F([v6s(Ay-Gy (MBR Gs)uy (v) (7)))] (1)) ()
= ()11 AXACE (1)) (MBR G) s (1)) ey (V) (¢ (7))
= & () A () rx (PSsfiy ()2 (€) (11 () 2) )
= (OO
using course-of-values induction (induction hypothesis [F(t)](j) = [f](j)). We
have also used the following facts which can be easily verified:

(i) F(Ai.G(v;))(i) = v and F(G(s) = t) = s * F(t)
(ii) G¢sy = qs(a)
(iii) (Gs)#(Fxx)y=G(s*f=x).

)
)

—
=

=

= ¢

Yis+j

_|

§6. Summary of Results. Figure 1 gives a diagrammatic picture of the inter-
definability results presented above. We use a full-line-arrow to represent that
the inter-definability holds over HA®“, whereas a dotted-line-arrow indicates
that extra assumptions are needed. We have used extra assumptions in three
cases. In Theorem 5.3 we use bar induction, whereas in Theorem 3.5 we have
made use of Spector’s condition SPEC. Itis an interesting open question whether
any of these four results can be shown in HA® alone.
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FIGURE 1. Diagram of inter-definability results
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